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Abstract

This thesis addresses the portfolio optimization problem of a CRRA investor
who derives utility from terminal wealth, within the incomplete financial mar-
ket models of Koijen et al.| (2010), Heston| (1993), and |Commissie Parameters
(2022), using a combination of the Martingale method and convex duality the-
ory. Based on the optimal investment strategies in the models of [Koijen et al.
(2010) and Heston (1993), we analyze the fundamental welfare risks inherent in
the risk preference research, which is mandatory under the new Dutch pension
law. We find that a myopic investor in the model of Koijen et al.| (2010) faces
significant welfare losses, whereas a myopic investor in the model of Heston
(1993) faces minimal welfare losses. When investment is based on an incorrect
risk aversion parameter, the resulting welfare losses are roughly comparable
across the two models. Welfare losses become significant as the gap between
the true and estimated value of the risk aversion parameter widens. We argue
that the portfolio optimization problem in the model of |Commissie Parame-
ters| (2022)) cannot be solved analytically on the basis of currently available
techniques.
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Chapter 1

Introduction

In 2019, the Dutch government, social partners, and Social-Economic Coun-
sil (SER) reached an agreement on the reform of the Dutch pension system.
Under the new Dutch Pension Law (WTP), pension funds are required to as-
sess the risk preferences of their participants using a risk preference research
(Ministerie van Sociale Zaken en Werkgelegenheid, |2022b)). The goal of a risk
preference research is to determine both a participant’s risk aversion level and
risk-bearing capacity so that an adequate life cycle can be formed. Hence,
the risk preference research enables a better alignment of the pension system
with participants’ individual preferences under WTP (Ministerie van Sociale
Zaken en Werkgelegenheid|, |2022b). The pension industry currently uses the
theoretical framework of Merton| (1969) as the foundation of the risk prefer-
ence research. This framework relies heavily on two theoretical assumptions:
(i) the use of Constant Relative Risk Aversion (CRRA) utility and (ii) the
use of a Black-Scholes financial market, i.e. the market consists of one traded
asset whose price follows a Geometric Brownian motion. The optimal life cy-
cle derived from this framework is partly determined by the participant’s risk
aversion and risk-bearing capacity, which are measured by the risk preference
research. One of the goals of the risk preference research is to estimate the true
risk aversion parameter of the participants as accurately as possible. Since the
estimated risk aversion directly influences the life cycle, a wrong estimate will
result in investment strategies that are either too aggressive or too conserva-
tive for the participant. Hence, wrong estimates of a participant’s risk aversion
parameter will lead to welfare losses.

In addition to the risk parameters, the optimal life cycle in the frame-
work of Merton, (1969) is influenced by the interest rate, and the mean and
volatility of stock returns. All of these economic factors are assumed to be de-
terministic such that the only randomness originates from the traded asset. In
practice, the pension industry uses the quarterly published scenario sets by the
Dutch Central Bank (DNB) to forecast financial market developments. The
scenario sets are generated with the model of Commissie Parameters| (2022)),
which builds upon the model of Koijen et al| (2010). The financial market



model of Koijen et al. (2010) accommodates uncertainty about the interest
rate, expected inflation, customer price index, and stock returns. |(Commissie
Parameters| (2022) extends this framework by integrating stochastic volatility.
This implies an inherent mismatch between the financial market model un-
derlying the life cycle formula and the financial market model from which the
necessary economic quantities are derived. Consequently, interest rate risk,
inflation risk, and volatility risk are not taken into account in the current life
cycle, resulting in welfare losses.

Life cycles under WTP are thus sensitive to inaccurate estimates of the risk
aversion parameter and/or the omission of certain financial risks. Therefore,
the purpose of this thesis is to analyze the welfare effects of using an inaccurate
risk aversion parameter and neglecting interest rate risk, inflation risk, and
volatility risk. To give a structured overview of the effects of each of the risks,
we present three different models: (i) the stochastic interest and inflation
framework by Koijen et al| (2010)), (ii) the stochastic volatility framework
by [Heston| (1993), and (iii) the model by (Commissie Parameters| (2022)) that
combines stochastic interest rates, inflation, and volatility. For the models of
Koijen et al.| (2010) and Heston| (1993)) we will present the financial market,
solve the optimal investment problem of a CRRA investor receiving utility
from terminal wealth, numerically analyze the optimal investment strategy,
and present the welfare losses of ignoring the underlying risks or using an
inaccurate risk parameter. This method allows for (i) quantification of the
welfare effects following from the current mismatch between financial market
models underlying the risk preference research, (ii) insight in the welfare effects
of inaccurately estimating participants’ risk aversion parameters, and (iii) a
comparison of the magnitude of both of the welfare effects. For the model of
Commissie Parameters| (2022) we will present the financial market and argue
that the optimal investment problem of a CRRA investor cannot be solved in
this market. Therefore, we will present an estimation of the optimal strategy
that could form the basis for future research on optimal investment in the
model of Commissie Parameters| (2022).

This thesis contributes to the existing literature in several ways. First
of all, to the best of our knowledge, no prior research has examined optimal
investment within the model of (Commissie Parameters| (2022). Therefore,
the findings on the optimal investment problem of a CRRA investor in this
framework are novel. Furthermore, we extend the literature by solving the
optimal investment problem in the incomplete market model of [Koijen et al.
(2010) and Heston| (1993)) with a combination of the Martingale method and
convex duality theory, which is introduced in the literature by |[Karatzas et al.
(1991)), (Cvitanic and Karatzas (1992), Xu and Shreve| (1992), and Kamma
(2023). Although optimal investment has been studied in the model of Heston
(1993), and while the model of Koijen et al| (2010) has not been directly
addressed, related models have been explored, none of these studies solve the
problem in an incomplete market using duality theory. Therefore, we argue



that the approach taken in this thesis represents a methodological refinement to
address the optimal investment problem of a CRRA investor in such incomplete
markets. Lastly, we contribute to the literature by providing an extensive
welfare analysis in the context of the risk preference research in the models of
Koijen et al.| (2010) and Heston| (1993)).

Each of the three financial market models will be presented in a separate
chapter: in we will present the findings in the model of Koijen et al.
(2010), in we will present the results in the model of Heston, (1993)),
and in we will provide the results in the model of [Commissie Pa-
rameters (2022). In each of these chapters we will discuss the most relevant
findings in the literature related to the model of interest. The rest of this
chapter is used to present some overarching concepts relevant throughout this
thesis. In[Section 1.1l we will focus on the foundations of [Merton’s initial work
on (continuous time) portfolio optimization. Merton (1969, (1971} [1973)) oper-
ates in complete financial markets, whereas the financial markets we consider
are incomplete. Hence, is used to discuss the role of market incom-
pleteness in this thesis, specifically in relation to the Martingale method and
duality theory. Finally, we are interested in the welfare effects of near-optimal
investment strategies. Therefore, we will elaborate on the framework used to
quantify welfare losses in [Section 1.3]

1.1 Foundations of portfolio optimization

Portfolio optimization leads to portfolio weights that maximize the ex-
pected utility an agent receives from its portfolio in a mathematically stated
financial market, for a given risk aversion level (Bruce and Greene, 2013). The
work of Merton| (1969, {1971}, [1973)) forms the basis for research on such op-
timization problems in continuous time. Until this sequence of papers most
of the research on portfolio optimization was focused on one-period discrete
models (Merton|, 1969). In his first paper, Merton extends the one-period
framework to a multi-period continuous time model in which the agent seeks
to maximize expected utility over a finite horizon, deriving utility from both
consumption and terminal wealth. In this thesis we will solely focus on the
situation where the agent receives utility from terminal wealth. We make this
choice for mathematical convenience; intermediate consumption introduces ad-
ditional terms in the optimization problem, making the problem less tractable.
Similar to the work of Merton| (1969, 1971} |1973), we expect that all results in
this thesis can be extended in a straightforward manner to the case where the
agent (also) receives utility from intermediate consumption. In the context of
a pension scheme where the accumulation phase is separated from the retire-
ment phase, the terminal wealth problem can be understood as the situation
in which the agent receives a lump-sum payment at retirement.

The main theoretical concepts underlying |Merton’s continuous time ap-



proach are (i) the use of a Black-Scholes financial market and (ii) the use of
the class of power utility functions to describe preferences. The Black-Scholes
financial market consists of a stock and a risk-free asset. For the traded asset
it is assumed that the price follows a Geometric Brownian Motion so that the
distribution of stock prices is log-normal. The risk-free asset pays the constant
interest rate (Black and Scholes, [1973]). The class of power utility functions is

described as follows™
7 ify A1
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where z is the level of wealth or consumption and ~ the parameter describing
the level of risk aversion of the agent. The alternative definition of the utility
function for v = 1 introduces the need to formally define two optima. Although
we expect that the optimum for v = 1 is the same as the optimum that results
from using 4 = 1 in the optimum for v # 1P| this should be mathematically
proved. This leads to more mathematical derivations without new fundamental
insights and thus we choose to only consider the cases where v # 1 in this
thesis. The popularity of the class of power utility functions stems from its
constant relative risk (CRRA) property and its analytical tractability (Joseph
et al., [2020). The CRRA property implies that the coefficient of relative risk
is independent of the agents wealth level. Intuitively this means that agents
perceive changes in wealth independent of their level of wealth and thus risk
perception is independent of the level of wealth (Arrow, |1965).

Combining the properties of the Black-Scholes market and the power util-
ity function allowed |[Merton, (1969) to solve the continuous time optimization
problem. Considering an agent who receives utility from terminal wealth only
in a financial market with one risky asset, the optimal fraction of wealth in-

vested in this asset equals:

o=r_" (1.2)

oy

where p is the expected arithmetic return of the risky asset, r the risk-free
rate, and o the constant volatility of the stock. We thus see that the fraction
of wealth invested in the risky asset is independent of the time horizon. Note
however that in the context of a pension scheme, total wealth includes both
past contribution payments (financial wealth) and human capital (contribution
payments to be made in the future). Merton’s optimal strategy prescribes that
the optimal fraction of total wealth invested in the risky asset does not change
over time. However, as the proportion of financial wealth to total wealth

changes over time, an agent’s risk-bearing capacity will change, and thus the

!Note that for v = 1 the power utility function is defined as the limit of v approaching

. T P
1,ie. U(x) = J/l_)ﬂll = =z

2In other words, we expect that taking the limit of « approaching 1 and then finding the
optimum is mathematically equivalent to finding the optimum and then taking the limit of
~ approaching 1.



fraction of financial wealth invested in the risky asset will typically change over
time (Joseph et al., 2020).

The framework used by Merton (1969) and Black and Scholes (1973) is
characterized by the fact that the parameters describing the asset dynamics
remain constant over time. While this enhances the model’s tractability, the
effect of more realistic assumptions remains to be answered. In Merton| (1971,
1973) the original framework is generalized to explore the effects of a broader
class of financial assumptions and utility functions. In the light of this thesis,
an important finding is the so-called mutual fund separation theorem. This
theorem states that if an agent can invest in a risk-free asset and risky assets
whose randomness is realized by Geometric Brownian motions with constant
parameters, the optimal portfolio can be formed by holding a position in the
risk-free asset and a mutual fund (Merton, 1971). In this context, a mutual
fund is an asset that pools together all risky assets. We thus see that optimal-
ity can be achieved by holding less assets than the total number of available
assets (Merton, [1971). An important consequence of the mutual fund separa-
tion theorem is that the relative allocation to the assets in the mutual fund
is the same for each agent, regardless of its preferences and wealth (Merton,
1971). This is a consequence of the fact that the mutual fund is mean-variance
efficient. Therefore, all agents hold the same mutual fund, only differing in
which share of their total wealth they allocate to it, based on different risk
aversion parameters. In the rest of Merton's [1971| paper, different generaliza-
tions of the Merton| (1969)) framework are studied, for example the effect of
stochastic labor income, uncertainty in life expectancy, and the use of general-
ized utility functions. In general, portfolio strategies will change significantly
when extending the model (Merton, 1973). We refer to Merton| (1971)) for
further information on the generalized models.

In Merton| (1973) the continuous time portfolio problem is put into a
broader economic context by examining the effect of possible stochastic param-
eters. As compared to the Black-Scholes market, the parameters describing the
risky assets in |Merton| (1973)) are allowed to be dependent on a stochastically
evolving state variable. This broader framework leads to the extension of the
mutual fund separation theorem, namely: the three-fund separation theorem.
When allowing for stochasticity, the optimal portfolio no longer only consists
of a position in the risky asset and a mutual fund, instead an extra position in
the assets is needed so that the agent can hedge itself against fluctuations in
the stochastic parameters. Thus, the optimal portfolio in the extended frame-
work not only consists of the mean-variance optimal demand, which achieves
the highest Sharpe ratio, but also consists of hedging demand. Intuitively
the hedging demand is explained as the wish to secure future wealth and/or
consumption. This wish can be realized by taking positions in assets that are
correlated to the variables that determine the future evolution of the risky
assets (Merton, [1973). As the models considered in this thesis allow for more
stochasticity than the Black-Scholes market, the agent’s need to hedge them-



selves against this stochasticity will also come back in the optimal investment
strategies we consider in this thesif’l A final important remark on the three-
fund separation theorem is that the optimal relative portfolio now differs per
agent. Hence, this differs from the framework with constant parameters where
the optimal relative allocation to the risky assets is the same for each agent.
This difference can be explained by the fact that the degree to which assets
are suitable for hedging is dependent on the agent’s risk preferences (Merton,
1973)).

Although the work of |Merton| (1969, |1971} |1973)) gives an introduction
to continuous time portfolio optimization and the mechanisms behind possible
stochastic parameters, the (welfare) effects of stochastic interest, inflation, and
volatility are still to be analyzed in more detail.

1.2 Incomplete markets and the Martingale
method

This section focuses on the method we use to find the optimal investment
strategy and how it relates to the method used by Merton! (1969). Both in this
thesis and in Merton/s work one is interested in maximizing expected utility
subject to a budget constraint. When an agent receives utility from terminal
wealth alone in the Black-Scholes market, such an optimization problem would
look as follows:

a2l

s.t. th = Wt(T + Qt(,u — 7")) + WtetO'dZt

(1.3)

where W, is the agent’s wealth at time ¢. Hence, Wr is the agent’s terminal
wealth, i.e. the wealth at the retirement date. 6; is the fraction of wealth
invested in the risky asset at time ¢, Z; a standard Brownian motion driving
the uncertainty in the risky asset, p the mean return of the stock, o the
volatility of the stock, and r the risk-free rate. The budget constraint in
states that the agent earns the risk premium g — r on the fraction of wealth
that is invested in the risky asset. The rest of its wealth is invested in the
riskless asset, which has a rate of return equal to r.

An optimization problem as defined above is typically called a dynamic
portfolio optimization problem since the agent faces a budget constraint that
is dynamically changing over time. In such a dynamic portfolio problem the
agent chooses its investment strategy 6, optimally for each ¢, leading to the

3The strategies we find in this thesis include mean-variance optimal demand and hedge
demands. The mean-variance optimal demand will be inversely related to the agent’s risk
aversion parameter. The hedge demands generally contain a non-linear relationship with
the agent’s risk aversion parameter.



optimal terminal wealth (Munk, 2017)). Merton| (1969, 1971}, [1973) solves the
dynamic optimization problem using a dynamic programming method. With
a dynamic programming method, the optimization problem is solved via its re-
cursive character; investments made today will impact the financial situation
of the agent in the future. Utilizing this recursive structure will ultimately
lead to a nonlinear PDE, called the Hamilton-Jacobi-Bellman (HJB) equation
(Munk, 2017). The construction and verification of answers to the HJB equa-
tion typically require verification theoremg’ In general this leads to complex
problems, specifically when constraints on the control variables are imposed
(Cox and Huang) |1989, 1991)).

Therefore, |Karatzas et al| (1987) and (Cox and Huang| (1989, [1991) pro-
posed the Martingale method, which overcomes the difficulties with verifying
solutions. The core of this new method is the replacement of the dynamic
constraint with a static constraint so that the portfolio optimization problem
can be solved via its Lagrangian. Underlying this replacement lies the idea
that, in a complete market, wealth can be viewed as a traded asset. As such,
the initial value of the optimal wealth can be determined using replication ar-
guments similar to how one would, for example, determine the price of a call
option in the Black-Scholes market (Munk| 2017). Hence, from the replica-
tion arguments it follows that the static constraint is such that the discounted
optimal terminal wealth in expectation equals the initial wealth (Munk} 2017;
Schumacher, 2020). The biggest advantage of the Martingale method over
the dynamic programming method is that it takes care of the verification of
the constraints in itself (Cox and Huang, 1989, 1991)) and thus no additional
verification methods are needed.

For the example with the portfolio optimization problem in the Black-
Scholes market in (1.3, the new static optimization problem looks as follows:

sup ]E[U(WT)]

Wr

(1.4)
s.t. E[orWr| = Wy

where ¢7 is the market’s pricing kernel, which in this case is used to discount
the value of terminal wealth. In the Black-Scholes market the dynamics of the
pricing kernel are as follows:

0 _ e — xaw, (1.5)

o

Here A = £~ is the market price of risk of the Brownian motion that drives the
uncertainty in the stock. Note that compared to the dynamic problem, both
the control variable and the budget constraint have changed in the static opti-

4For an extensive overview of verification theorems for the HJB equation we refer to Korn:
and Kraft| (2002), [Korn and Kraft| (2004), Kraft| (2005), and [Dybvig and Liu| (2011)).
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mization problem. The modification of the budget constraint can be explained
from the replication argument; when the expected discounted terminal wealth
is strictly larger than the initial endowment, it is not possible to find a port-
folio that replicates the terminal wealth. If the discounted expected terminal
wealth is less than the initial endowment, it is possible to find a portfolio that
replicates the terminal wealth. However, extra utility can then be retrieved
for the terminal wealth that exactly replicates the initial endowment. Thus,
the terminal wealth needs to be found that, if discounted, exactly equals the
initial endowment in expectation. An intuitive argument for the replacement
of the control variable is that the dynamic optimization problem corresponds
to the real world in the sense that the agent chooses its optimal investment
strategy, which dynamically leads to the optimal wealth. When applying the
Martingale method, one does not solve for the optimal investment strategy but
from the replication arguments it follows that the agent directly optimizes its
terminal wealth. Since the optimal terminal wealth alone is sufficient to find
the corresponding optimal strategy, the problem does not require extra control
variables. We thus see that the portfolio that leads to the optimal terminal
wealth still has to be found once the optimal wealth is known. In this thesis
we will link an investment strategy to the optimal wealth by exploiting the
martingale property of the product of the optimal wealth process and the pric-
ing kernel, from which we know it has to be a martingale by the Fundamental
Theorem of Asset Pricing (FTAP) (Schumacher, [2020)).

The core of the Martingale method is thus the possibility to replicate op-
timal terminal wealth with a self-financing portfolio. For this replication ar-
gument to be valid, one should act in a complete financial market. In an
incomplete market infinitely many pricing kernels exist; the pricing kernel
used to discount the optimal terminal wealth in the static budget constraint
will thus be non-unique (Schumacher, 2020). Consequently, it will be unclear
which strategy has led to the optimal wealth. The financial market models
we consider in [Chapter 2| [Chapter 3| and will be incomplete. In
other words, the markets considered give the opportunity to invest in less as-

sets than there are risk drivers. Note that this constitutes a difference from
the setup of Merton, (1969, |1971} [1973)) where the number of risky assets the
agent can invest in exactly equals the number of Brownian motions driving
the market. Hence, to apply the Martingale method, we propose a further
refinement of our methodology. We do so by introducing the abstract dis-
tinction between the original financial market and its fictional counterpart’’]
introduced by |[Karatzas et al.| (1991), Cvitanic and Karatzas| (1992), Xu and
Shreve, (1992)), and Kamma| (2023)). In the context of this thesis, the original
financial market is the incomplete market in which the agent acts. In the
fictional market we allow for trading in one or more extra assets so that it

SThroughout this thesis we will use the terms original/incomplete/primal market and
fictional/artificial /complete/dual market interchangeably.
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becomes possible to trade in the previously untraded sources of risk. Hence,
a complete market is created artificially. In the context of a real-life pension
fund, one could interpret the original market as the situation the fund faces
due to certain constraints, possibly induced by law. An example is that the
Dutch government does not issue inflation-indexed bonds (Pelsser, 2019) and
thus pension funds cannot hedge themselves directly against Dutch inﬂationﬁ.
On the other hand, the fictive market is the market the fund would face in
which no constraints exist, and thus investments in any possibly traded asset
could be made, i.e. the fund can invest in Dutch inflation-indexed bonds.

The artificially created complete market enables us to solve the portfolio
optimization problem with the Martingale method. However, the resulting
investment strategy will generally allocate part of the agent’s wealth to the
assets that have been added to arrive at a complete market setup. As a conse-
quence, to ensure that the strategies are admissible in the original market, they
must be modified such that no investment is made in the added asset(s). In
the literature, the link between a strategy in the original and fictional market
finds its origins in the context of primal and dual optimization problems. The
duality perspective mathematically formalizes why the method of artificially
completing a market leads to the optimum in the incomplete market. The rela-
tionship between the primal and dual market can be interpreted as follows: an
agent initially faces a primal optimization problem which, due to constraints,
cannot be solved directly. In our thesis this is due to the non-uniqueness of the
static budget constraint. Under certain regularity conditions the optimization
problem can be reformulated to its dual form, which allows one to deal with
the constraints more easily so that the answer to the original problem can be
found. Consequently, we have found a new optimization problem, the so-called
dual problem. The transition to the dual problem is thus driven by lifting the
trading constraints in the primal market. This is an important principle un-
derlying the primal-dual approach; the incompleteness in the primal market is
not motivated by the non-existence of assets but by trading constraints which
make it impossible to trade in certain assets. The primal and dual market thus
contain the same assets; only in the primal market it is not possible to trade
in certain assets, making the market incomplete.

It remains to be answered how we can make the optimal dual strategy ad-
missible in the primal market. According to the duality theory proposed by
Karatzas et al.|(1991), Cvitanic and Karatzas| (1992)), Xu and Shreve| (1992),
and Kamma (2023)), the prices of risk in the dual market of the Brownian mo-
tions untraded in the primal market are equal to the sum of the prices of risk
in the primal market and an extra term, henceforth the perturbation term.
The existence of a perturbation term is thus the only difference between the

6 Although the Dutch government does not issue inflation-indexed bonds, several other
European countries do, for example France (Pelsser, 2019). Current research shows a signif-
icant rise in the inflation-linked bond market (Garcia and van Rixtell 2007)), enhancing the
ability to hedge against inflation on a European level.
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primal and dual market, the asset dynamics in the dual market are as given in
the primal market. The trading constraints in the primal market completely
determine which prices of risk in the dual market are influenced by the pertur-
bation term. In other words, the structure of the dual market is completely
determined by the primal market and the trading constraints. After solving
the dual optimization problem, the perturbation term is chosen such that no
investments in the untraded assets are made. The perturbation term is thus
determined as part of the dual problem. From a mathematical perspective,
this choice of the perturbation term corresponds to minimizing the dual objec-
tive, which is equivalent to solving the primal optimization problem. In other
words, the perturbation term that reduces the demand of the untraded assets
to zero can be interpreted as the shadow price that links the Lagrangian of
the dual problem to the Lagrangian of the primal problem. Hence, artificial
completion of the market in combination with choosing the appropriate per-
turbation term allows us to uniquely determine the static budget constraint.
Using a modified price of risk for the untraded Brownian motions in the dual
optimization problem can thus be seen as the method that allows us to satisfy
the trading constraints in the original market. Hence, in the context of duality
the sole purpose of the perturbation term is to link the solution of the dual
problem to the solution of the primal problem. For firm mathematical results
on why the duality between the incomplete market and its complete reformu-
lation holds, we refer to Karatzas et al.| (1991), Cvitanic and Karatzas (1992),
Xu and Shreve (1992)), and |[Kamma (2023)).

We aim to deepen the understanding of the primal-dual framework by
presenting an alternative approach to the primal-dual approach to solve the
portfolio optimization problem. The fictitious completion method can be ex-
plained from the fact that an incomplete market is represented by infinitely
many pricing kernels (Schumacher, 2020)). Hence, an artificial complete market
can be created by adding assets, so that the Martingale method can be applied.
In this artificial market an optimal investment strategy can be found. Finally,
the price of risk of the Brownian motions that are untraded in the original
market can be chosen such that no investments in the added assets are made.
This particular choice of the price of risk pins down a pricing kernel in the
incomplete market, and thus the solution in the incomplete market is found.
The choice of a particular pricing kernel can be understood as the equivalent
of choosing the perturbation term in the primal-dual approach. However, the
fictitious completion method forces one to change the structure of the financial
market after optimizing; a choice for a particular pricing kernel will influence
the market dynamics. Thus, the fictitious completion approach forces an ex-
post interruption in the financial market. Such an interruption is not needed
when using the primal-dual approach. Hence, we argue that the primal-dual
approach is a methodological refinement of the fictitious completion approach.
Although the fictitious completion approach differs from the primal-dual ap-
proach in how market incompleteness is dealt with, in general the two methods
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will lead to the same outcome. This is the case for the|Heston| (1993)) stochastic
volatility model discussed in|[Chapter 3 However, the KNW model discussed in
and the CP2022 model discussed in have a more complex
structure in which the alternative approach causes problemsﬂ For example in
the KNW model, the fictitious completion view leads to theoretical problems
since the price of risk of the Brownian motion that is untraded in the original
market indirectly influences the volatility matrix of the market. Any invest-
ment strategy in the KNW model will depend on the volatility matrix. Hence,
the optimal strategy will implicitly depend on the price of risk of the untraded
Brownian motion. When applying the fictitious completion approach here, one
would, after optimization, choose the price of risk of the untraded Brownian
motion such that no investment in the added asset is made. However, for this
particular choice of the market price of risk the volatility matrix will implicitly
change. Consequently, the previously found optimum is no longer optimal.
We see that a circularity problem arises and thus a more nuanced approach
is needed. This is where the primal-dual approach comes in. The primal-dual
approach fixes the market dynamics ex-ante since incompleteness is explained
by trading constraints. This prevents one from making ex-post changes to the
original market dynamics so that, for example, a numerical implementation of
the optimum becomes possible.

To summarize this section; we have intuitively explained the switch from
the dynamic optimization problem to its static reformulation. To solve the
static optimization problem with the Martingale method in an incomplete
market, we have introduced the distinction between the original and artificial
market. In this thesis we deal with the original and artificial market from a
primal-dual perspective. The primal-dual approach allows us to solve a dual
optimization problem, which is linked to the primal optimization problem via
the use of a perturbation term. This method explains market incompleteness
from the perspective of trading constraints. Consequently, the original market
specifications are fixed before optimizing, which prevents us from changing the
market dynamics after optimizing.

1.3 Welfare comparison

AZL currently generates life cycles according to the investment strategy
that is optimal in the Black-Scholes market, whereas the economic parameters
are generated by the Commissie Parameters (2022) model. Consequently, a
strategy that is suboptimal within the model assumed to represent the econ-
omy is used, resulting in welfare losses. One of the goals of this thesis is to
estimate the welfare effects of using the investment strategy found by Merton

"Since the alternative method cannot be used in the KNW and CP2022 model, we choose
to also present the results of the [Heston| (1993) stochastic volatility model in [Chapter 3
according to the primal-dual logic needed to find the optimum in the other models.
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(1969), if it is assumed that the true economy is represented by a more com-
prehensive financial market model than the Black-Scholes model. To perform
this welfare comparison, we first have to find the optimal investment strategy
in the model of interest. Once the analytical investment formula is found, we
should indicate which part of this formula represents the mean-variance op-
timal investment strategy, representing |Merton’s formula. Note that by the
three-fund separation theorem discussed in the optimal investment
strategies discussed in this thesis will be a composition of hedging demand
and the mean variance optimal demand. As such it is known that Merton’s in-
vestment strategy can be identified in the optimal strategies considered in this
thesis. We state that, depending on the model, the choice of how to explicitly
specify the mean-variance optimal demand might be subject to debate. We
present this discussion in the section devoted to that particular model.

When both the optimal and the suboptimal investment strategy are deter-
mined, a welfare comparison between these strategies can be performed. In line
with literaturdﬂ, we perform this welfare comparison on the basis of the cer-
tainty equivalent (CE). Formally, the certainty equivalent of random terminal
wealth Wy is defined according to the following formula (Weber, 2001):

U(CE) = E[U(Wr)] (1.6)

The certainty equivalent can thus be interpreted as the constant terminal
wealth that leads to the same expected utility as the random terminal wealth
Wr. Although an analytical distribution of terminal wealth might exist in the
models we consider, we choose to calculate certainty equivalents on the basis
of a numerical implementation of the optimal strategy. We argue that this
deepens our understanding of the optimal strategy more than presenting addi-
tional analytical results. Furthermore, this helps us avoid technicalities when
finding the distribution of terminal wealth. Hence, after we have analytically
found an optimal strategy, we simulate m scenarios of our financial market
over the time horizon T'. If we let W7, be the terminal wealth in scenario
1 following from investing according to the optimal strategy 6; at each time
point for an agent with risk aversion parameter v, we estimate the numerical
certainty equivalent of this strategy over m simulations asﬂ

cp - (1= LSt uorg) ™ (L7)

We can then define the percentage welfare loss of incorrectly using Merton/s
mean variance optimal strategy instead of the strategy optimal in the model

8See for example (Castafieda and Reus (2019) or Balter and Schweizer, (2024), among
others.

9The transition from the analytical CE in to the numerical CE in is motivated
by the law of large numbers.
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of interest as:
CEMerton - CEopt

CEopt

where CEperton and CEqpy are the certainty equivalents following from the mean

(1.8)

variance optimal and true optimal strategy, respectively. We will present this
welfare loss for different values of v to investigate the dependence of the welfare
loss on the level of risk aversion of the agent.

Another fundamental aspect influencing the life cycles generated by AZL
is the risk preference parameter. Currently, the risk preference parameter of
a participant is estimated via the risk preference research. Consequently, a
crucial question underlying this method is how inaccurate estimates of the
risk preference parameter influence the participants’ welfare. Therefore, we
also present welfare losses following from investments made according to the
wrong value of . To this end, we distinguish the true risk parameter of
an agent, vque, from the risk parameter derived from the risk preference re-
search, Ymeasured- When Vieasured = Virue, a0 agent invests optimally, and thus
no welfare loss arises. In any other case, the agent does not follow its opti-
mal strategy, resulting in welfare losses. To quantify the size of these welfare
losses, it is important to clarify how the corresponding certainty equivalents
are calculated. The CE following from 74, can be calculated directly from
the formula in . However, for Yyeasured One has to be more careful. In
this case we calculate the value of terminal wealth on the basis of the wrong
strategy determined by Ymeasureda- On the other hand, evaluating how an agent
perceives this wrong strategy should be done on the basis of the agents true
risk preference parameter. Linking this to the formula in ((1.7]), we find that
the values of Wy ; are found on the basis of Ymeasurea.- However, the utility func-
tion and certainty equivalent are evaluated on the basis of y;,4.. Consequently,
the percentage welfare loss of using a wrong risk preference parameter can be
determined by combining the two certainty equivalents:

CEmeasured - C Etrue
CEtrue

(1.9)

where CEcasurea and CEye are the certainty equivalents following from in-
vesting according to Ymeasured aNd Virue, respectively. We will present welfare
losses for different pairs of Yyeasured @0d Yirue-

We will also present the standard errors belonging to the welfare losses.
To find an estimate for the standard error of a simulated certainty equivalent
following from the strategy 67, we define E[U(WZ)] and Var[U(WF)] as the
theoretical mean and variance of the utility derived from terminal wealth re-
sulting from this strategy. Furthermore we let U(Wg) = L Y U(W§,) and

m

- _
flz) = ((1 — v)x) "7 ie. U(WZ) is the sample mean of utility derived from

terminal wealth over m simulations and CE, = f(U(WZ)). We can then use
the delta method in combination with the central limit theorem to find the
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asymptotic distribution of CE,:

Vi (f(UW7)) = fEUWE])) 2 N(0, f(UW§))* VarlU(W5)])  (1.10)

Based on this asymptotic distribution, we propose the following estimate for
the standard error of CE,:

SE (CE,)

2
~=
=
§

(1.11)

JU(W.
(1- W)U(W%) vm

where STD (U (Wj"i)) is the sample standard deviation of utility from terminal
wealth, ie. STD (U(W5)) = /iy Sy (UWa,) — O(Ws))".

m—1

Finally, we are interested in the Standard error of the welfare loss that
follows from using a suboptimal strategy 67 instead of the optimal strategy 67.
Therefore we define the multivariate mean and variance covariance matrix of
utility derived from the terminal wealth that follows from strategies 67 and 67
as E[P] = []E[U(W%)} E[U(W%)H and Xp, respectively. We then define the

_ _ _ o
multivariate sample mean as P = [U(Wfi) U(Wi}’w)} and f(x,y) = (%) 1
Hence, the welfare loss of following the suboptimal strategy 67 instead of the
optimal strategy 67 is defined as f <U (Wz),U (ij«)) = f(P). Consequently,

we can apply the delta method in combination with the central limit theorem
to find the asymptotic distribution of the welfare loss:

Vin(f(P) = F(E[P])) 2 N(0,J(P)SpJ(P)) (1.12)
af
where J is the Jacobian with first order derivatives, i.e. J(P) = 6“5?%)].
au (W)

CE CEy

Inspired by the asymptotic distribution of , we propose the following

estimate for the standard error of the welfare loss

Ex — E _P /Em’y P
SE (CC) N W( yS5J(P) )
CE, m
Here, X7 is the in-sample variance covariance matrix of the simulated utility
- A 7 1
alues, J;(P) = % and J. — 1 vy
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Chapter 2

Stochastic interest rate

Until, 2022 the scenario sets published by DNB were generated according to
the KNW model, which is introduced in the literature by Koijen et al. (2010).
Consequently, it precedes the model by |Commissie Parameters| (2022), which is
currently used to generate scenario sets. It is therefore a natural choice to ex-
amine the welfare effects of stochastic interest rates by using the KNW model.
The model of Koijen et al.| (2010) accommodates uncertainty about interest
rates, expected inflation, unexpected inflation, and stock returns. Further-
more, it allows for time-varying risk premia. Hence, the model by Koijen et al.
(2010) enriches the framework of [Merton (1969) from multiple perspectives.
In [Section 2.1] we will present the KNW financial market, combined with the
dynamics of an inflation-indexed bond in which the agent cannot invest in the
primal market. In we will solve the dual optimization problem
and link the corresponding investment strategy to a strategy in the original
incomplete market. In[Section 2.3 we will exploit the properties of the optimal
strategy using a numerical analysis. Finally, in we will provide the
welfare losses of using |Merton’s suboptimal mean-variance strategy and the
welfare effects of using a wrong risk preference parameter.

Koijen et al| (2010) numerically estimate allocations in a life cycle frame-
work in which households receive labor income. Hence, no analytical optimal
investment strategy in the (in)complete market is found. They primarily focus
on the effect of time variation in risk premia on the life cycle. Consequently,
the welfare effects of suboptimal strategies as we discuss in this thesis is not in-
vestigated by Koijen et al. (2010)). The KNW financial market model is closely
related to the models proposed by |(Campbell and Viceira| (2001)), [Brennan and
Xial (2002), and Sangvinatsos and Wachter| (2005), who all propose a financial
market in which the term structure is described by stochastic interest rates
and inflation. We deviate from these papers when solving the portfolio opti-
mization problem by using the primal-dual approach, and thus an alternative
method is used to deal with market incompleteness.
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Campbell and Viceira| (2001)) set up a model in discrete time with constant
risk premia’] They find that the optimal portfolio consists of a combination of
mean-variance optimal demand and hedging demand, in line with the findings
on the three-fund separation theorem by Merton| (1973)). (Campbell and Viceira
(2001)) specifically focus on the composition of hedging demand; nominal bonds
are found to be most suitable for hedging interest rate risk, whereas inflation-
linked bonds are the most suitable instrument to hedge against inflation risk
(Campbell and Viceira, 2001). No results on the welfare effects of suboptimal
strategies are presented.

Similarly to Koijen et al.| (2010), Brennan and Xia| (2002) define a two
factor model for the term structure of interest rates in continuous time. How-
ever, Brennan and Xia (2002) do not allow for time variation in risk premia.
In contrast to Merton (1969), Brennan and Xial (2002) use the Martingale
method to solve the optimization problem, rather than the dynamic program-
ming method. |Brennan and Xia (2002)) deal with market incompleteness by
stating that the optimal proportional allocation of wealth is independent of
the untraded Brownian motion. As this merely provides a heuristic argument
for the effect of market incompleteness on the optimal portfolio, we extend
this framework from a mathematical point of view by using the primal-dual
approach. As it turns out, this mathematical rigid method leads to similar
optimal investment strategies. Brennan and Xia, (2002) find an analytical
optimal investment strategy in the incomplete market on the basis of this
heuristic argument, for agents that receive utility from terminal wealth and/or
consumption. An analytical formula for the gain in certainty equivalent when
investing optimally versus investing according to a myopic strategy is pre-
sented. However, no extensive analysis of this formula or numerical results on
the effects of suboptimal investment are presented.

Sangvinatsos and Wachter| (2005)) also define a continuous time model that
takes stochastic interest rates and inflation into account. In contrast to (Camp-
bell and Viceira| (2001) and Brennan and Xia| (2002), they allow for time vari-
ation in risk premia, leading to term structures that are described by three
factors instead of two factors. |Sangvinatsos and Wachter| (2005) deal with
market incompleteness by choosing the particular pricing kernel that reduces
the demand of the added assets to zero. This is the method we introduce as the
fictitious completion approach in[Section 1.2l In the KNW model this approach
causes problems due to the dependence of the variance covariance matrix on
the prices of risk of the untraded Brownian motion. Hence, we argue that we
propose a methodological refinement of the method used by [Sangvinatsos and
Wachter (2005)) to find the optimal strategy. Although this constitutes a dif-
ference between our approach and the approach of [Sangvinatsos and Wachter
(2005)), similar strategies are found. Furthermore, |Sangvinatsos and Wachter

10Since the model of (Campbell and Viceira| (2001) is defined in discrete time, we will only
compare the optimal strategy in the KNW model to the strategies found by |Brennan and
Xia) (2002)) and |Sangvinatsos and Wachter| (2005]).
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(2005) present results on the utility cost of suboptimal investment. Although
this analysis is performed from an analytical perspective, they find significant
welfare effects of using suboptimal strategies. In particular, neglecting the time
variation in risk premia leads to significant welfare losses (Sangvinatsos and
Wachter) 2005)). This is in line with the findings we will present in [Section 2.4]

Also outside the context of the KNW model the effect of interest rate risk
on portfolio selection has been studied extensively. We briefly present some
important work: [Munk et al.| (2004)) deviates from the setup of Campbell and
Viceiral (2001]), Brennan and Xia (2002), Sangvinatsos and Wachter| (2005)), and
Koijen et al.| (2010) by allowing a mean reverting process for the excess return
on stocks. They ultimately find that the extra randomness introduces extra
hedging demand. No welfare effects of suboptimal investment are presented.
Also the effect of stochastic interest rates without the existence of stochastic
inflation has been studied, for example by [Sgrensen (1999), Brennan and Xia
(2000), and Munk and Sgrensen (2004)), all in contexts where no welfare losses
have been discussed. All papers discussed thus far have in common that the
static optimization problem is solved rather than the dynamic problem. For
important findings on the setup of the HJB equation in a stochastic interest
rate environment we refer to Korn and Kraft (2002)).

2.1 Financial market

Koijen et al. (2010) postulate a two factor model for the term structure
of interest rates. The two factors are the latent state variables, which also
determine the evolution of the stochastic instantaneous nominal interest rate
and the expected inflation. In the original market possible investments can be
made in a nominal money market account (MMA) paying the instantaneous
nominal risk free rate, a nominal stock, and two nominal bonds with different
maturities (Koijen et al., [2010)). The randomness in the term structure of in-
terest is determined by the two dimensional state variable X;, whose dynamics
are given as follows:

dXt — —KxXtdt —|— [IQXQ 02><2]dZt

(2.1)

where I5y5 is the 2 dimensional identity matrix, Osyo the 2 dimensional null
matrix, Z, € R**! a 4 dimensional vector with independent Brownian motions
and, Xo = [00). The remaining quantities in therefore possess the
following dimensions: X; € R?*!, Ky € R?>*? and ©x € R?**. We see that
the state variable X; is modeled according to a multidimensional Ornstein-
Uhlenbeck process, which is mean reverting around 0 with mean reversion
speed Kx. Furthermore the structure of ¥ x implies that only the first two
Brownian motions in Z; influence the development of X;. Consistent with
Koijen et al.| (2010) we impose Kx to be a lower triangular matrix.
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The evolution of the instantaneous nominal interest rate r; and instanta-
neous expected inflation m,; are driven by the state variables:

ry = (5077« + 5177~Xt

2.2
T = 0o + 51771-Xt (2.2)

where 0, > 0, 6 > 0, §;, € R**! and &, , € R**%,
To accommodate a link between the nominal and real quantities in this
financial market, a commodity price index (CPI) II; is postulated:

dar _ mdt + o1;dZ (2.3)
11

where o € R*™! and II; = 1. In line with Koijen et al.| (2010)), we assume that
oma = 0. The CPI represents the realized (unexpected) rate of inflation, being
driven by the expected rate of inflation m; and influenced by the randomness
coming from Z;. To understand the role of the CPI, we focus on the role of
market (in)completeness in Koijen et al. (2010)’s model. As investments can
only be made in nominal assets, an agent can only hedge itself against changes
in the nominal economy but not against changes in the real economy. Hence,
the agent can only hedge itself against the expected inflation but not against
the realized inflation II;. In other words, investments can only be made in a
nominal MMA, nominal stock, and two nominal bonds and thus the market
is driven by more sources of risk than the agent can invest in, leading to an
incomplete market. When estimating the model parameters, |Koijen et al.
(2010) deal with the market incompleteness by imposing that the price of
risk of the untraded Brownian motion equals zero. This suggests that realized
inflation risk does not influence expected returns. We extend the model with an
inflation-linked bond so that we can solve the portfolio optimization problem
with the Martingale method via the primal-dual approach. In the original
market an agent cannot invest in this inflation-linked bond, so that we maintain
market incompleteness. In the dual market we lift the trading constraint and
thus all sources of risk that influence II; can be traded. The primal-dual
approach is based on the idea that the inflation-indexed bond exists in the
primal market, but the agent cannot invest in it due to trading constraints.
This logic forces us to fix the price of risk of the Brownian motion untraded in
the original market, which fixes the dynamics of the inflation-indexed bond.
We assume that the price of risk of the Brownian motion untraded in the
original market equals zero, in line with how Koijen et al.| (2010) deal with
market incompleteness when estimating the model parameters. In the dual
market, we will then choose the perturbation term corresponding to this price
of risk so that the demand of the inflation-indexed bond is reduced to zero,

which corresponds to optimizing the primal objective.
We then move to the specifications of the financial instruments. First of
all the agent can invest in a nominal money market account, whose dynamics
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are given as follows:

dB

where By = 1. Furthermore, the agent can invest in a nominal stock, described
by the following stochastic differential equation (SDE):

dS;
— = (ry +ng)dt + o.dZ
S, (e +ns) s (2.5)

= (ry + o5 Ay)dt + 05dZ,

where ng € R is the constant risk premium of the stock, og € R**! and
So = 1. A, is the time varying price of risk, who Koijen et al.| (2010) assume
to be a linear function of the state variables:

At - AO —|— AlXt (26)

where Ay € R**! and A; € R**2. As described above, the primal-dual ap-
proach forces the price of risk of the untraded Brownian motion in the original
market to be fixed. We therefore assume that Aoz = Ay 31) = Ay 32 = 0.
Note that the assumption that the equity risk premium in is constant,
imposes the constraint ogA; = ng. [Kamma and Pelsser| (2022) show that the
constraint implies that o4Ay = ng and ogA; = 0,. Combining the assumption
of the price of risk of the untraded Brownian motion with parameter estimates
for the prices of risk of the first two Brownian motions thus leads to a fixed
equity risk premium ng.

To link possible investment strategies to payouts, the use of a pricing kernel
is a fundamental concept in quantitative finance (Schumacher, 2020). The
pricing kernel is a stochastic process that allows financial assets to be priced,
exploiting the no-arbitrage condition. By virtue of using the money market
account B, as numéraire, Koijen et al.| (2010) postulate the following nominal
pricing kernel:

ey’

o
where ¢ = 1. Using the nominal pricing kernel from (2.7)), we define the real
pricing kernel as ¢ff = ¢NTI;. The dynamics of ¢ are then as follows (for
derivations see |[Appendix A.1):

@f:_@_ﬂ+5AMw%N—dMZ
(ﬁﬁ t t T\ t I t (28)

- —tht - Aﬁ,dZt

where @' = 1. We define R, as the instantaneous real interest rate and Al =
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A; — opp as the real pricing kernel. Note that R, is specified as follows:

Rt =Ty — T¢ + O'{—IAt
== (50,r — 50’“— + U{—IA()) + ((5177_ — 51,7r —+ AIIO'H),Xt (29)
= Ror + Ry z X

Next to the money market account and stock, the agent can invest in two
nominal bonds with different maturities. To find the price dynamics of the
nominal bonds, we rely on the work of |Duffie and Kan| (1996]). |Duffie and
Kan| (1996) find that bond prices are an exponentially affine function of time
and the state variables under the following conditions: (i) the short rate is
affine in the state variables and (ii) the state variables are described by a
parametric multivariate Markov diffusion process. As the definitions of the
state variable and the short rate in (2.1)) and meet these conditions, the
exponentially affine structure of the bond prices can be used. We denote the

N
price of a nominal bond maturing at time ¢ +7; by Pt]L (t,X;) =E [t}” .7-}] =
exp (AN(Ti) + BN (Tint) for i = 1,2 with 7, # 75. A key observation in deriv-
ing the dynamics of Pt{vm (t, X;) is that the product of the bond prices and the

pricing kernel must be a martingale by FTAP (Schumacher, 2020). Exploiting

the martingale property of ¢ Pt]j_ﬂ (t, X;) by the use of 1td calculus leads to

the following dynamics for nominal bond prices (for detailed derivations see

IAppendix A.1f):

dPt]—VQ—Ti (t7 Xt)

= BN ()Y x A, ) dt + BN (7)Y dZ, 2.10
Py e B S Bz (210

The functions AY(7;) € R and BY¥(7;) € R**! are specified as follows:

Ti 1

AV() = [0, + 5B sV Sx DB (5) — BY () Sx Agds
0

BY(1;) = (K + N\ X5) 7 {exp(— (K + M S)7) — Loas} b1

(2.11)

Since the payout of a bond that matures immediately should equal the face
value of 1, we know that AV (0) = 0 and BY = 0yy;. As Xy = [0 O} ’, we have
PN(0, Xo) = exp (AN (73) + BN (1) Xo ) = exp(AY (7).

Finally, the original market contains an inflation-linked bond in which the
agent cannot invest. We assume that the dynamics of this bond are fixed in
the original market, whereas the price of risk of the untraded Brownian motion
is modified in the dual optimization problem via the perturbation term. To
derive the dynamics of an inflation-linked bond maturing at time 7, we can
follow a similar procedure as for the nominal bonds. Since the instantaneous
real short rate is affine in the state variables, we can utilize the results of Duffie
and Kan (1996) to find that the real price of the inflation-indexed bond is given
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by PE (t, X;) = EV“’T .E] = exp(Af (1) + BR(7)'X;). Again, the martingale

property of ¢f'P2 (¢, X;) can be exploited to arrive at this expression. How-

ever, as the rest of the economy is defined in nominal terms, we also want to
express the price of the inflation linked bond in nominal terms. Therefore, we
are interested in the dynamics of Pﬁf(t, X;) = PR, (t, X,)II;, which expresses
the price dynamics of the inflation linked bond in nominal terms. We find the

following dynamics for P; fL(t, X¢) (see |Appendix A.ll for derivations):

dptl:zl—T (t’ Xt)

— R l / R , ,
B (re+ BR(r)Sx A + oAy dt + (BR(r)'Sx + ofy) dZ, (2.12)

The functions A®(7) € R and BE(7) € R**! are specified as follows:

T 1

AR(T) = / —RO7R + §BR(S)/E)(E{XBR(S) — BR(S)/E)((AO — O'H)dS
0

Bf(r) = (K + N{Zy) " {exp(— (K + A E5)7) = Loao} Rig

(2.13)

Similar as for the nominal bonds, we have A®(0) = 0, B® = 054, and
PE(0, Xo) = exp (AR(r) + BR(r) X) = exp(A%(7)).

To conclude this paragraph, we combine the dynamics of all assets in the
vector Yy, inspired by the work Kamma and Pelsser| (2022)). This integrated
representation of the nominal financial market will support further derivations.
The vector Y, € R*! then reads as follows:

P, (t, X))
Y, = tm((tt j{it)) (2.14)
Si
The dynamics of Y; are specified as:
dY; = diag(¥;)((re + LA dt + XdZ,) (2.15)

where ¥ € R*** represents the variance-covariance matrix of the financial
market:

BN(Tl),EX B{V(Tl) BéV(Tl) O O
BN(7—2)/ZX B{V(Tg) BéV(TQ) O O
= R/ N\ = R R (2.16)
B"(1)%x + oy Bi(1) +on1 By(T)+ons2 ons ona
o 051 05,2 053 0S4

2.2 Portfolio optimization problem

In this section, we solve the portfolio optimization problem in the KNW
model. In the original incomplete market, the agent faces the following opti-
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mization problem:

(WT/HT)I_”}
I
s.t. th = Wt(’f’t + QQZAt)dt + Wte,/fEdZt

sup E| (2.17)

where 6, € R¥! represents an investment strategy in the original incomplete
market. Note that the agent is interested in optimizing real terminal wealth,
whereas investments can only be made in nominal assets. 03, should be zero at
each time point due to the trading constraint. Therefore, the static optimiza-
tion problem corresponding to is characterized by infinitely many pricing
kernels and thus the Martingale method cannot be applied. Therefore, we find
the optimal investment strategy via duality theory. The asset dynamics in the
dual market are as given in the primal market. The only differences between
the two markets are (i) the lifted trading constraint on the inflation-indexed
bond in the dual market, leading to a complete market and (ii) the use of a per-
turbation term so that we can make the dual strategy admissible in the primal
market. To satisfy the trading constraint in the primal market we thus let the
price of risk of the untraded Brownian motion be influenced by a perturbation
term in the dual market. As a technical consequence of the duality theory,
the price of risk in the dual market of the Brownian motion untraded in the
original market equals the price of risk in the original market plus a perturba-
tion term. In line with the duality theory proposed by [Karatzas et al.| (1991),
Cvitanic and Karatzas (1992)), Xu and Shreve, (1992), and [Kamma/ (2023), we
therefore postulate that the price of risk in the optimization problem is given
as follows:

At = At + (I(Xt)eg,

A (2.18)
- AU -+ A1Xt

where A; is the price of risk corresponding to the original market defined in
a(X;) the perturbation term, and e3 = [O 01 O} After we have found
the optlmal strategy in the dual market, we determine a(X;) such that no
investment in the inflation-indexed bond is made. Note that we implicitly
assume that a(X;) is a linear function of the state variables, so that we can
determine the vectors Ao and A1. Hence, in the KNW model, choosing the
perturbation term corresponds to choosing a constant and linear coefficient
that describes the affine structure of the price of risk in the dual market.
Furthermore, the demand of the inflation-linked bond in the dual market only
depends on the price of risk and state variables at time t. Therefore, it suffices
to assume that the perturbation term only depends on X; and not on its past
values.

The modification of the price of risk of the untraded Brownian motion can

HWithout the assumption that the perturbation term is affine in the state variables, it is
in general not possible to make the dual strategy admissible in the primal market and thus
we impose this form ex-ante.
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intuitively be explained by the fact that the agent is not allowed to invest in
the inflation-indexed bond in the original market. Therefore, the agent is not
interested in this price of risk and thus we can modify the price of risk in the
dual market via the perturbation term. From a mathematical perspective the
choice of a(X;) that reduces the demand of the inflation-linked bond to zero
corresponds to minimizing the dual objective, which is equivalent to solving
the primal optimization problem. Using a(X;), we can thus find the optimal
investment strategy in the original incomplete market by solving the dual
optimization problem. The primal market is thus equal to the dual market up
to the specification of a(X;). Consequently, a(X;) outlines the market price of
risk corresponding to the unhedgeable sources of risk.

As a consequence of working with a modified price of risk in the dual
market, the dynamics of the nominal and real pricing kernel change. Although
the dynamics of the nominal pricing kernel in the dual market trivially follow
from the modified price of risk, we choose to present it to ensure clarity:

IN
W _ _at— Ndz, (2.19)

o

where q}é\f = 1. Similarly to the primal market, we define the real pricing
kernel in the dual market as ¢f = ¢NII;.Using the derivations of the real

pricing kernel in the primal market from [Appendix A.1] we find the following

dynamics in the dual market:

@——(T—F+J//~\)—(/~\—0,)dz
gf T T (2.20)

- —tht - Af/dZt

where AP is the real pricing kernel in the dual market and ¢f = 1. R, can
be interpreted as a modified real instantaneous interest rate, specific to the
dual optimization problem. In nominal terms, the change from the primal
to the dual problem is characterized by the choice of the perturbation term
that reduces the demand of the inflation-linked bond to zero. However, we are
optimizing the agent’s real wealth and thus the choice of the perturbation term
works through in the real market; it does so in the modified real interest rate
above. The difference between the instantaneous real interest rate in the dual
market and primal market can thus be interpreted as a technical consequence
from performing the optimization problem in real terms rather than in nominal
terms. An intuitive explanation for R, could be that it is the correction of the
instantaneous interest rate R; in the dual market for the fact that the agent
cannot hedge inflation risk in the primal market. To finalize the introduction
of the real pricing kernel in the dual market, we present the specification of
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ét =Ty — T¢ + O'{—I./N\t
= (8o — Bor + O g) + (61, — 81 4+ Nyom)' X, (2.21)
= RO,R + R/LRXt

Based on the price of risk particular to the dual optimization problem in ([2.18]),
we can find the budget constraint in the dual market. The agent’s total nom-
inal dual wealth evolves according to the following SDE:

th = Wt(T’t + ét(a)/EAt>dt + Wtét(a)’ZdZt (222)

where r; is the nominal short rate specified in , A, the price of risk in the
dual optimization problem specified in , and X the variance-covariance
matrix from the original market specified in . 0:(a) € R™! describes
an investment strategy in the dual market. Note that we explicitly stress the
dependence of this strategy on the perturbation term a(X;). Consequently,
after we have found the optimal perturbation term we choose to describe the
optimal investment strategy in the primal market as 6;(a*) € R, We thus
remove the tilde to stress that the vector is specified in the primal market.
Furthermore, we stress that the optimal strategy in the original market is de-
pendent on the optimal perturbation term. Each element of 6;(a*) corresponds
to the fraction of total primal wealth W; that is invested in the corresponding
asset. For example, the first element of ;(a*) corresponds to the position in
the original market in the nominal bond with maturity 7; whereas the fourth
element shows the position in the stock. The remainder 1 — 3%, 6;,(a*) is
invested in the money market account. The budget constraint states that the
agent earns the risk premium XA, on the fraction of wealth that is invested
in the risky assets. The remainder is invested in the money market account,
paying the nominal short rate ;. As soon as we have found a(X};) that makes
the optimal dual strategy admissible in the primal market, we can define the
optimal nominal primal wealth. In fact, after inserting the dual-optimal per-
turbation term in the optimal dual wealth, this is exactly equal to the optimal
primal wealth (Cvitanic and Karatzas, |1992). Finding optima for the primal
problem can thus completely be restricted to solving the dual-problem. We
will denote primal wealth as W, i.e. without the tilde which is used for dual
wealth.

By choosing ét(a) optimally, the agent aims at maximizing the expected
utility received from real terminal dual wealth. Note that the agent can only
invest in nominal assets. This brings out the dynamic optimization problem
the agent faces:

(WT/HT)I_”}
L=
s.t. dVNVt = Wt(rt -+ ét(a)/Z]\t)dt + Wtét(a)’ZdZt

sup E (2.23)

27



Since the trading constraint on the inflation-linked bond is lifted in the dual
market, the agent acts in a complete market. We can therefore view wealth
as a traded asset and consequently transfer the dynamic problem above to
a static optimization problem, following the logic of Karatzas et al. (1987)
and |Cox and Huang| (1989, |1991). Consequently, both the budget constraint
and control variable change. In the static optimization problem we therefore
optimize terminal wealth, leading to the following problem:

(Wr/Tp)' =
svlvlf E{ 1=~ ]
s.t. E[~7]YV~VT} = WO

(2.24)

We resolve to a Lagrangian approach when solving the static optimization
problem above. We find the following Lagrangian L, for some Lagrange mul-
tiplier [: .

(W /Tp) ™7
L=
(W /Tp) ™7
L—v
Taking derivatives inside the expectation leads to the following FOC:

L=E | +1(Wo — E[657r))
(2.25)

= E| — 1Y Wr| + W,

.
Wr 2

.
T 16Y =0 (2.26)

Rewriting gives the following expression for optimal terminal wealth:
Wi = (16311 7)™ (2.27)

Plugging the result above in the static budget constraint from (2.24)) gives us
an expression for the Lagrange multiplier I

=Wy (E[(6¥T10)' 7)) = Wi s (2.28)

where we thus have defined g7 as E{(g5¥ HT)l_ﬂ. Substituting the Lagrange

multiplier back in (2.27)) leads to the following expression for optimal terminal

dual wealth: -

Wi = 23Ty ) (2.29)

gr

By using the Martingale method, we treat wealth as a traded asset and

thus we can find the optimal dual wealth at time ¢ by discounting the optimal
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terminal dual wealth with the appropriate pricing kernel (Schumacher| 2020)):

Wy = ;NE (G F)

- B[ (G 7
_Wo oy -1 -2 ¢~>¥HT 1-1 (2.30)
= Moyt e (R

_ W -1 E = ]
= Mogn; E[<¢t> 7

To facilitate further derivations, we focus on finding an explicit expression for
P\t
E[(%) ¥

affine quadratic function of the state variables. Therefore we can solve the

|]. In |Appendix A.2| we show that (gz;f)%l is an exponentially

conditional expectation in our optimization problem by the results of Duffie
and Kan| (1996) on affine yield models, similarly to how we determined bond

prices in [Section 2.1f%| By utilizing the affine state variable structure, we find

the following structure for the conditional expectation:

?j)”%
R

t

P(t,X;)=E [(

ft] =exp (A(t) + B(t) X, + X;C() X)) (231)

where A(t) € R, B(t) € R?*!, and C(t) € R?*2. We find the following system
of ODE’s that describes A(t), B(t), and C(t):

At) = TB(t)’ZX(AO —op) — ;B(t)’é(t) —tr(C(t)) + 7—_1}?0 R
;7 . 1(/\0 — on)' (Ao — o)
B(t) = (”ffxazx § K~ 20(1) ) Blo) + 270 B (R - o)
+ 7—_11:2173 + 7—_21]\'1(/10 — on)
Y Y
Gty =2 (K;( + 1 11y 2X> Ct) - 2000 + LI R,

(2.32)

By combining ([2.29) and ([2.30), we know that E [(ﬁ)ﬁﬁ] = 1 and thus
T

we find the terminal conditions A(T) = 0, B(T) = 0ax1, and C(T') = 0gyxo.

For derivations of (2.31) and (2.32)), we refer to |[Appendix A.2, The system
of ODE’s that describes A(t), B(t), and C(t) involves a Riccati equation in

12The conditional expectation we are interested in here takes a form similar to the con-

ditional expectation that determines bond prices, see in combination with
We therefore find a similar structure, with the only difference the expecta-
tion here is affine quadratic in the state variables rather than affine.
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matrix form. A Riccati equation is a quadratic first order differential equa-
tion (Polyanin and Zaitsev, [2002)). As such, we know that we cannot find an
analytical solution for the system (Kamma and Pelsser| 2022). Hence, for any
implementation of the system above we have to result to numerical approx-
imations. Note that the system (partly) describes the evolution of optimal
dual wealth. Hence, it is dependent on the perturbation term a(X;). Once the
choice of a(X}) that reduces the demand of the inflation-linked bond to zero
is made, we have found the system that corresponds to the primal market.

By applying the Martingale method, we treat wealth as a traded asset.
Therefore we know that the optimal nominal dual wealth, discounted with the
nominal pricing kernel, should be a martingale. First, note that from ([2.30))
we obtain the following expression for Wt*éiv :

- - =1 -
Wid) = OGN P X5

IT (2.33)

Wg TRyI=L &
= 7(¢t) 7 P(t’Xt)

gr

In [Appendix A.2| we find that Wt*q;iv adheres to the following dynamics:

I S . _ 1.
AW; G = Wro (B + 200X, Sx - 1Al )dz (2.34)
vy
Note that the budget constraint in (2.22) provides a different formula-
tion of the evolution of optimal nominal dual wealth. Hence, discounting this
formulation of the optimal wealth dynamics with the nominal pricing kernel

should also lead to a martingale. We therefore find the following alternative
formulation of W; ¢ in |[Appendix A.2}

dW; oY = Wi ey (0;(a)'S — A})dZ, (2.35)

Note that at this point we have not yet determined the optimal perturbation
term and thus our optimal strategy in the dual market depends on a(X;) rather
than a*(Xy).

Equating the volatility terms of the two different formulations of discounted
optimal wealth in and leads to an equation from which the optimal
investment strategy in the dual market can be retrieved:

(B(t) +2C (1) X;)'Sx — 7;1[\5’ =07 (a)'Y — A, (2.36)

By solving the equation above for 8#(a)’, we find the following optimal in-
vestment strategy in the dual market (further derivations can be found in
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|Appendix A.2)):

Bia) =2 (=) Ao+ 7;1 (£7) on+ () HEX)  (237)

Note that this strategy is still dependent on a(X;) and thus it is not yet
admissible in the primal market. H(t, X;) is a time dependent function of the
state variables:

Bis+2C1 X1 + 2019, Xo,
B2t +2Cy X1+ 2C5, X0
0
0

H(t, X,) = (2.38)

Now that we have found the optimal strategy in the dual market it remains
to be answered how we can link the solution to a strategy in the original
incomplete market. From we see that in general part of the agent’s
wealth will be allocated to the inflation-indexed bond, i.e. 9~§,t # 0. Therefore
we have to determine the perturbation term a(X;) in the dual market that
reduces the demand of the inflation-indexed bond to zero. This choice of
a(X;) corresponds to minimizing the dual objective and thereby maximizing
the primal objective. Before finding the optimal perturbation term, note that
the variance-covariance matrix defined in contains a two by two block
matrix with zeroes. Although it is technically demanding to find the inverse
of the variance covariance matrix analytically, we can utilize the block matrix
structure. We therefore know that X271 has the following form:

(E D (B e 0 0

| ETa (B7)a 0 0

* T (2_1>31 (X713 (2—1)33 (2_1)34 (2.39)
E N E e E s (7 Ha

Note that we write (371);; for element 4, j of the inverse of 2, which is unequal
to (X;;)'. By using the inverse variance covariance matrix, it is found that
the optimal demand for the inflation-linked bond in the dual market at time ¢
looks as follows:

v—1

~ . 1
9?3}(@) = (Hl (t, X1) + ;(Ao,l + Ay )Xo + A1,(1,2)X2,t) + UH,l) -0

1 _
+( (t, X¢) + (A02+A1 2,1) X1, + Ag, 22)X2t)+7 Un,z)'()
1 —1
+ (7 (Mog + A X + Aoy Xos +a(Xy)) + UH,3) : (271)33
1 v—1 1
+(7 (Aoa + A any Xig + Ay a2 Xoy) + 011,4)‘(Z )3

(2.40)
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Hence, the demand of the inflation linked bond will equal zero at time ¢ for
the following optimal choice of the perturbation term:

a*(Xy) = —(Nog + A1, 3 1) X1 + A3 Xo) — (v — 1o s
— (Moa + A1y Xie + A Xow + (v = Doma) (B as((S71)s3)
= Az — (v = Vomg — (Aue + (v = Doma) (57 as(E7)as) ™

(2.41)
Note that the optimal perturbation term depends on the risk aversion param-
eter -, therefore the perturbation term is agent specific. The choice of a*(X;)
above links the solution to the dual optimization problem to the solution of the
primal optimization problem. This choice of a*(X;) pins down the constant
and linear coefficient of the price of risk in the dual market, as shown in (2.18]).
Consequently, we have determined all parameters such that system of ODE’s
in can be linked to the original market. Formally, the vectors Ay and A;
that make the dual strategy admissible in the primal market are then defined
below:

Ay = Ay + a*(X,)es
=Ny — <A0,3 + (v —1VDons + (Moa+ (v — 1)01'[,4)(2_1)43((2_1)33)_1)63 + (Al

—€3 [/\1,(3,1) + ALy (E ) as((B)s3) T Ay + Al,(4,2)(271)43((271)33)71} )Xt

= Ao+ A1 X,
(2.42)
Combining all information leads to the optimal investment strategy in the
original incomplete market, which we formally introduce in [Proposition 2.1}

Proposition 2.1 Consider the optimal dynamic investment problem in the
KNW model specified in (2.17)). The corresponding optimal wealth process in
the incomplete market, W}, is given by:

W ~ne_1. 221 -

Wt* - 7(¢N)_;Ht7 P(tth)
ar

for all t € [0,T]. Here, gr = E{(?HT)I_%], ON is defined in (2.19), and
P(t, X;) = exp (fl(t) + B(t) X, + X|C(t)X,). The ODE’s that jointly deter-
mine A(t), B(t), and C(t) are given in (2.32). ¢V and P(t,X,;) depend on
the optimal perturbation term a*(X;), which is set such that an agent does not
invest in the inflation-linked bond:

a*(Xy) = —Asy — (v = Doms — (Mae + (v — D)oma) (B as (7 )ss) !

Ultimately, this leads to the optimal investment strategy in the incomplete

KNW market:

i) = = (57) A = (57) Ton+ (57 0 )
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where X, H(t, X,), and A, are defined in (2.16)), (2.38)), and (2.42)), respectively.
Both Ay and H(t, X;) depend on the choice of a*(X;) above. The remainder

1— 31, 07,(a*) is invested in the money market account.

First of all, it should be noted that all quantities in [Proposition 2.1| defined
with a tilde depend on the price of risk of the Brownian motion untraded in
the original market. Hence, their definition in the dual market is characterized
by the, then unknown, perturbation term a(X;). To make the optimal dual
strategy admissible in the primal market, the definitions of those terms in the

primal market have to be modified slightly. This modification is driven by
the choice of a(X}) in (2.41)), which reduces the demand of the inflation-linked
bond to zero.

In line with three-fund separation introduced by Merton| (1973]), we see that
the optimal demand in the incomplete market consists of three terms: mean-
variance optimal demand and a combination of two hedge demands. The mean
variance demand is defined, similar to Merton, as the price of risk divided by
the product of the volatility and the risk aversion parameter. In other words,
the mean-variance demand is the portfolio that receives the highest Sharpe ra-
tio (Sangvinatsos and Wachter, 2005)). The first hedge demand depends on the
volatility of the CPI (oq1). Mathematically speaking, the first hedge demand
can be seen as the projection of the volatility of the CPI on the asset returns.
Therefore it can be interpreted as an adjustment for the fact that the agent
can only invest in nominal securities, whereas we are optimizing real wealth.
In other words, this term creates demand to hedge against realized inflation.
Note that by the trading constraints the agent cannot use the inflation-indexed
bond as instrument to hedge against realized inflation. However, depending
on the values of oy; and X, the other assets might also be used to (partly)
hedge against the realized inflation] Since the values of o and ¥ are the
same for each agent, the first hedge demand will lead to the same allocations
for each agent, independent of the risk aversion parameter. The second hedge
demand depends on the vector H(t, X;). This vector is the product of the
sensitivity of ]5(15, X;) with respect to the state variables, and the variance of
the state variables. Hence, H(t, X,;) measures the sensitivity of the evolution
of optimal wealth with respect to the state variables. From a mathematical
line of thought the second hedge demand can be seen as the projection of asset
returns on the state variables. The last two elements of H (¢, X;) are zero and
thus only the nominal bonds will be used to hedge against fluctuations in the
state variables. This should come as no surprise since, given the structure of
the model, the purpose of the state variables is to facilitate the randomness
in the term structure. Since H (t, X;) is dependent on the agent specific per-
turbation term a(X;), the degree to which the nominal bonds will be used to
hedge against fluctuations in the state variables will be different across agents.

13Note that we assume oy 4 = 0. Therefore only the two nominal bonds will be used to
hedge against realized inflation, in contrast to the stock.
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We conclude this paragraph by comparing the optimal investment strategy
defined in [Proposition 2.1/ to the optimal strategies found in the financial mar-
ket models of Brennan and Xia| (2002) and Sangvinatsos and Wachter| (2005)).
In line with the findings in this thesis, both papers find that optimal demand
consists of three funds, where the first fund is the mean variance optimal de-
mand. Both |[Brennan and Xia| (2002) and Sangvinatsos and Wachter| (2005)
find the two hedge demands to be dependent on realized inflation and the

state variables. Hence, we conceptually find a similar strategy, however, due
to subtle differences in model setup the actual composition of the hedge de-
mands will differ per model. Furthermore, we have used duality theory to
solve the portfolio optimization problem. Both [Brennan and Xial (2002) and
Sangvinatsos and Wachter| (2005) find the optimal strategy by choosing the
particular pricing kernel that reduces the demand of the untraded asset to
zero. This forces ex-post interruptions in the financial market. We have pro-
posed a method to solve the portfolio optimization problem in a similar model,
without the need for ex-post modifications of the market. We thus extend the
literature by mathematically formalizing the results of |Brennan and Xia, (2002)
and Sangvinatsos and Wachter| (2005)).

2.3 Numerical implementation investment
strategy

In this section, we present results of a numerical implementation of the
investment strategy. As baseline input, we take the calibrated DNB parameter
set from the paper of Muns (2015)@. These estimates have been used by the
DNB to create the scenarioset in the second quarter of 2015 and are based on
the calibrated estimates of Draper| (2012) (Muns, 2015). The parameter values
are presented in [Table 2.1 We assume an investment horizon of 7' = 40 years,
with monthly time steps used in the simulations. We assume the two nominal
bonds to have a time to maturity of 7 = 1 and 7 = 5, respectively. Note that
this implies that the agent can invest in a nominal bond with maturity 1 or
5 years at each point in time. The agent cannot invest in the inflation-linked
bond due to the existence of trading constraints. We assume that the inflation-
linked bond has a time to maturity equal to 7 = 5. We simulate m = 10,000
scenarios with initial wealth Wy = 1.

14The estimates can be found in the paper of Muns| (2015) in Table 2, column 3.
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Parameter Value Parameter Value Parameter Value Parameter Value

St A I, Xy Tt T
ns 4.52 % Aoa 0.280 o1 0.02% 0o, 2.40%
051 -0.53% Ao 0.027 ot,2 —0.568 - 10~* O1r(1) -1.48%
05,2 -0.76% A 0.149 onz3 0.61% 01,0(2) 0.53%
05,3 -2.11% A2 -0.381 Kxa, 7.63% 00,7 2.00%
054 16.59% A2 0.089 Kxon -19.00% 01,x(1) -0.63%
Ay 2,9) -0.083 Kx@z2) 35.25% 01,7(2) 0.14%

Table 2.1: Benchmark values for the KNW parameters, based on the calibrated DNB esti-
mates presented in Muns| (2015). Similar to [Koijen et al.| (2010) we define Ag3 = Ay (3,1) =
A1,3,2) = oma = 0. In combination with the estimates for the first two elements of A; and
ns this pins down the value of Ag 4, Ay (4,1), and Ay (4 9).

We stress that the investment strategy presented in [Proposition 2.1| will be
simulated, which is dependent on the particular choice of a(X;) that reduces
the demand of the inflation-indexed bond to zero. In [Figure 2.1 we show the
average allocation to the two nominal bonds and stock over the investment
horizon for different values of v, along with the 5th and 95th percentile allo-
cation. The allocation to the inflation-indexed bond is zero by construction

and therefore excluded from the graphs. We have used the same random num-
bers for all simulations in this chapter. Hence, the only difference between
the different sub-plots in is the different risk aversion parameter
underlying the strategy.
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Figure 2.1: Comparison of the optimal strategy in the KNW model between different values
of ~ for the baseline parameters. The average allocations to the stock and two nominal
bonds over 10,000 simulations of the optimal investment strategy are shown in thick lines.
The 90% percentile range is shown in the shaded areas. We assume T = 40 with monthly
time steps in the simulations. Furthermore, 7y = 1, 5 = 5, 7 = 5, and Wy = 1. Other

parameter values are given in

First of all, it should be noted that there exists a percentile range around
the average stock allocation, although it is not visible in the graphs. For v = 2
this interval ranges from approximately £10% of the average allocation, in-
dependent of time. For v = 10 the interval shrinks to approximately +3% of
the average allocation. For values of v between 2 and 10 the interval decreases
from 10% to 3%. We thus see that the allocation to the stock is rather de-
terministic, in contrast to the allocations to the two bonds. Furthermore, the
average allocation to the stock decreases as the agent gets more risk averse,
aligning with our expectations. From a mathematical perspective the pattern
in the allocation to the stock can be explained from the optimal strategy in
[Proposition 2.1, The optimal strategy consists of three terms, from which
only the first term influences the allocation to the stock since oy 4 = 0 and

H,(t,X,) = 0 for every t. In other words, all randomness in the allocation
to the stock comes from the randomness in the fourth element of the price of
risk. For the random numbers used to generate [Figure 2.1] the average value
per time point of the fourth element in the price of risk equals 0.2827, with a
standard deviation of 0.02. Since the fourth element of the price of risk, which
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is the only random source influencing the allocation to the stock, has small
variability, we find relatively small variability in the stock allocation.

For the allocations to the two nominal bonds we see a more extreme pattern.
To optimally hedge against interest rate risk and inflation risk without taking
a position in the inflation-linked bond, the agent takes a long-short position in
the two nominal bonds. Due to the high correlation between the two nominal
bond prices, this can lead to extreme proportional allocations; often more than
100% of the wealth is invested in the available assets. The extreme positions
are in line with the findings of Balter et al.| (2021), who show that if interest
rate risk and inflation risk follow a bivariate mean-reverting process, optimal
allocations to bonds turn out to be extreme. Balter et al. (2021) find these
results in the financial market model of |Brennan and Xia (2002). Since the
model of Koijen et al.| (2010) is conceptually close to the model Brennan and
Xia, (2002), it is unsurprising that the allocations follow a similar pattern.
The long-short position can be explained as follows: the agent cannot directly
hedge against inflation risk and thus the only instruments available to hedge
against interest rate risk and inflation risk are the two nominal bonds. Bond
prices are inversely related to the interest rate and thus the nominal bond
price will increase if the nominal interest rate decreases. As a consequence,
the agent can hedge itself against interest rate risk by taking a long position in
one nominal bond. However, the long position in the nominal bond exposes the
agent to inflation risk as the price of the bond will decrease when the inflation
rate increases (Balter et al., |2021). Since the agent is interested in optimizing
real wealth, it will take a short position in the other available bond.

The long-short composition of nominal bond demand also gives an expla-
nation for the extreme proportional allocations (Balter et al., 2021). While
taking a longer position in one bond gives a better hedge against interest
rate risk, it also increases the exposure to inflation risk, leading to extreme
short positions in the second bond. Furthermore, shows that less
risk averse agents will take more extreme proportional positions in the bonds,
which is in line with our expectations; less risk averse agents are willing to
take the risks these extreme positions bring. Linking this to the optimal strat-

egy in [Proposition 2.1, we see that the first hedge demand is constant across

agents. Hence, the extreme variability in proportional allocations for less risk
averse agents can be explained from the mean-variance optimal demand and
the second hedge demand, which are both agent-specific. Lastly, it should be
noted that a higher value of the risk aversion parameter will lead to earlier
de-risking of the agent.

An important finding of Balter et al| (2021) is the sensitivity of the allo-
cations with respect to the mean reversion parameters of the state variables.
When the mean reversion parameters are close to each other, more extreme
allocations are found. In the work of Balter et al.| (2021) this is explained by
the fact that interest rate risk and inflation risk are more correlated when the
elements of the mean-reversion matrix are close to each other. This influences
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the long-short composition of the portfolio, leading to more extreme positions.
We extend these results by arguing that also the price of risk can significantly
influence the optimal allocations. We argue that as the norm of A; increases,
the possibility arises that wealth blows up to infinity, resulting in extreme al-
locations. To investigate the sensitivity of the allocations with respect to the
parameter estimates, we present an alternative set of parameters for which
numerical allocations are presented. The estimates of the mean reversion pa-
rameters and price of risk coefficients in this set of alternative parameters are
half of their value in [Table 2.1l Again we assume that 7 = 1, 75 = 5, and
7 = 5. It should be noted that the model contains several other parameters for
which a sensitivity analysis could be performed. However, individual param-
eter sensitivity analysis will be too lengthy in view of the complexity of the
model involving many different parameters. The choice to only investigate the
sensitivity with respect to the mean reversion parameters and the price of risk
is motivated by the work of |Balter et al.| (2021) and the findings in this thesis
that the norm of the price of risk can significantly influence the allocations.

Parameter Value Parameter Value Parameter Value Parameter  Value
S, A IL;, X, Tty Tt

N 452 % Ao 0.1400 o 0.020% 0o, 2.40%
051 -0.53% Ao 0.0135 o112 —0.568 - 107 d1.r() -1.48%
052 -0.76% A 0.0745 o113 0.610% 01,0(2) 0.53%
053 -2.11% A11,2) -0.1905 Kxuy 3.815% 007 2.00%
054 16.59% A2 0.0445 Kx2,1) -9.500% 01,7(1) -0.63%

Ay 22 -0.0415 Kx(2,2) 17.625% 01,7(2) 0.14%

Table 2.2: Alternative values for the KNW parameters. Similar to [Koijen et al.| (2010) we
define Ag 3 = Ay (3,1) = Ay,(3,2) = o4 = 0. In combination with the estimates for the first
two elements of A; and ng this pins down the value of Ag 4, Ay (4,1), and Ay (42).

In [Figure 2.2 we compare the strategy following from the baseline and
alternative parameters for v = 5. Again the average allocation to the two
nominal bonds and stock over the investment horizon is shown as a thick
line, together with the 5th and 95th percentile allocation in the shaded areas.
Compared to the baseline parameters, we find similar allocations to the stock
and second nominal bond. However, the alternative parameters significantly
influence the allocation to the first nominal bond. First of all, we see that
the average proportional allocation in the first 30 years of the horizon has be-
come extremer. Consequently, also the percentile range around the allocation
has become larger. We argue that this more extreme bond allocation can be
explained by the fact that the mean reversion parameters of the state vari-
ables have changed in this example. This makes the effect of the long-short
portfolio extremer, in this case resulting in an extremer short position in the
first nominal bond. For v = 5, we thus see that the effect of the mean rever-
sion parameters is more extreme than the effect of a smaller norm of A;. In
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we present the allocations for the alternative strategy for v = 2,
v =8, and v = 10. For v = 2 we see a similar pattern as for v = 5, where both
the average allocation and variability in the allocation to the first bond have
increased significantly, whereas the allocation to the stock and second bond
remains similar. For v = 8 and v = 10 we see that the magnitude of the allo-
cations have become larger; also for the stock and second bond. On the other
hand, the variability stays approximately the same. For v = 8 and 7 = 10 we
thus see a horizontal shift of the percentile ranges. In total we conclude that
the strategies are highly sensitive with respect to the mean reversion parame-
ters and price of risk. How the parameters influence the strategy is dependent
on the level of risk aversion.

Nominal bond 1 Nominal bond 1
20 Norminal bond 2 20 Nominal bond 2
Stock Stock

s £
3 10 g
(3 L3
2 2
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(a) Baseline parameters, v =5 (b) Alternative parameters, v =5

Figure 2.2: Comparison of the optimal strategy in the KNW model for the baseline and
alternative parameters for v = 5. The average allocations to the stock and two nominal
bonds over 10,000 simulations of the optimal investment strategy are shown in thick lines.
The 90% percentile range is shown in the shaded areas. We assume T' = 40 with monthly
time steps in the simulations. Furthermore, 71 = 1, 75 = 5, 7 = 5, and Wy = 1. The baseline

parameters are given in the alternative parameters in

Another essential insight by Balter et al| (2021)) is the sensitivity of the
allocations with respect to the bond durations. When the bond durations are
close to each other, more extreme allocations are found. Balter et al. (2021)
explain this by the fact that the variance covariance matrix of the nominal bond
prices becomes nearly singular when bond maturities are close to each other.
Hence, the inverse of the variance matrix will converge to infinity in this case.
Since the optimal strategy is dependent on the inverse of this matrix, optimal
strategies can possible blow up. We argue that also the optimal strategy in the
KNW model is sensitive to the bond durations. To show this, we compare the
strategy for the baseline parameters for two different sets of bond durations.
In [Figure 2.3a] we show the strategy for the baseline parameters with 73 = 1,
79 = b, and 7 = 5, as shown before in |Figure 2.1b, In |[Figure 2.3b|, we show
the strategy for the same parameters but with 7 = 5, 7, = 20, and 7 = 10.
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Figure 2.3: Comparison of the optimal strategy in the KNW model for the baseline param-
eters with v = 5 for different bond maturities. The average allocations to the stock and
two nominal bonds over 10,000 simulations of the optimal investment strategy are shown
in thick lines. The 90% percentile range is shown in the shaded areas. We assume Wy = 1
and T = 40 with monthly time steps in the simulations. Furthermore, m; = 1, 75 = 5 and
7 =5 in panel a, whereas 71 = 5, 79 = 20 and 7 = 10 in panel b. The baseline parameters
are given in |Figure 2.1

As can be seen above, the strategy for v = 5 gets significantly less aggressive
when the bond durations are further apart, in line with the findings of [Balter
et al.| (2021). In , we present the strategy for the baseline parameters
with alternative bond durations for v = 2, v = 8, and v = 10. For all values
of v we see that the allocations get less extreme. However, for v = 2 we
see a relatively smaller change than for the other values of 4. This can be
explained by the fact that the strategy is more extreme for less risk averse
agents by construction. Another important finding is that the composition of
the long-short portfolio changes for v = 2. Whereas shows that
it is optimal to take a long position in the second bond and a short position
in the first bond, shows exactly the opposite composition. For
all other values of v, we see that the composition of the long-short portfolio
remains similar, only the magnitudes decrease.

We thus conclude that the optimal investment strategy in the model of |Koi-
jen et al. (2010) is highly sensitive with respect to the mean reversion param-
eters of the state variables, the price of risk, and the bond durations. Hence,
we find similar results as Balter et al| (2021) found in the model of Brennan
and Xia/ (2002). Therefore, if the KNW model is used in the pension-industry,
parameter uncertainty will play an important role. Proportional allocations
up to 10 times the wealth are not unique in the strategies we have studied in
this paragraph. Since pension funds face a borrowing constraint in real-life,
which we did not take into account in this analysis, it is unlikely that the
optimal strategy can be implemented in practice without further constraints.
Furthermore, the parameter sensitivity, for example with respect to bond du-
rations, leads to other crucial problems. In real-life, nominal bonds with more
than two durations are available. Since different bond durations lead to signif-
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icantly different strategies, it is unclear to a pension fund in which durations
they should invest. Balter et al.|(2021) find that the optimal bond durations
in the model of Brennan and Xia| (2002) involves one medium term bond and
one long term bond. However, the resulting strategy is highly sensitive with
respect to the other parameters (Balter et al., 2021). Although we have not
studied the optimal bond durations in the model of [Koijen et al. (2010)), we
expect to find similar results. Hence, although the KNW model is more real-
istic than the Black-Scholes financial market by taking interest rate risk and
inflation risk into account, it remains to be discussed how the resulting optimal
strategy can be implemented by the pension-industry.

2.4 Welfare analysis

In this section, we will compare the welfare generated by the optimal in-
vestment strategy in the KNW model with the welfare generated by the mean-
variance optimal strategy found by [Merton (1969). Furthermore, we will in-
vestigate the welfare effects of using an incorrect risk preference parameter.
Before presenting welfare losses, we must first formally define which part of

the optimal strategy in [Proposition 2.1| resembles the optimal strategy in the

Black-Scholes financial market. We propose two possible strategies:

Definition 2.1 Consider the optimal investment strategy in the KNW model
specified in |Proposition 2.1 We define the corresponding myopic Merton in-
vestment strateqy as:

6, = i (Z‘l)TAt

where Ay and 3 are defined in (2.6)) and (2.16]), respectively. The static Merton

investment strateqy is defined as:

where 3 is defined in (2.16]). Ao is the constant coefficient of the price of risk
dynamics in (2.6)).

We have seen that the optimal strategy presented in [Proposition 2.1|is the

composition of three portfolios: a mean-variance optimal portfolio and two
hedge portfolios. The myopic strategy can be interpreted as the mean-variance
optimal strategy, without taking the hedge demands into account. Note that
the myopic demand is defined similar by for example |Brennan and Xia/ (2002)).
The myopic strategy is determined by the time varying price of risk, which is
driven by the state variables. Hence, the myopic demand will partly account
for the stochasticity in state variables. In the work of Merton| (1969)), the price
of risk is assumed to be constant and thus AZL assumes a constant price of risk
when determining life cycles. Therefore it could be argued that the myopic
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demand takes stochasticity of the state variables into account, whereas the
optimal strategy found by [Merton (1969) does not. Hence, we also choose to
introduce the static Merton strategy, which neglects the time variation in risk
premia. We propose to take the constant coefficient from the affine structure
of the price of risk as the estimate for our constant market price of risk.

An important remark is that the suboptimal strategies defined in
depend on the prices of risk in the primal market, in contrast to the
optimal strategy defined in [Proposition 2.1 which depends on the price of risk
that links the strategy in the dual market to the strategy in the primal mar-
ket. This choice is explained as follows: the welfare comparison is motivated

from the perspective of AZL that uses Merton/s mean-variance optimal strat-
egy rather than the optimal strategy in the model of (Commissie Parameters
(2022)). As such, AZL generates life cycles on the basis of the prices of risk
in the primal market, without any information on the optimal perturbation
term that takes care of possible trading constraints. Hence, the portfolio opti-
mization problem in the model assumed to describe the economy is not taken
into account when creating life cycles; simply Merton’s formula is assumed.
Therefore we argue that it is more realistic to assume that any suboptimal
strategy depends on the price of risk in the primal market, rather than on the
price of risk that is optimal in the dual market. Note that we have assumed
that, similar to Koijen et al.| (2010), Ags = A1,31) = A1,3,2) = 0 and thus the
trading constraint for the inflation-linked bond is automatically satisfied for
both strategies in [Definition 2.1

In [Table 2.3 we present the percentage welfare loss when using the subop-
timal (non) myopic Merton strategy instead of the optimal strategy for both
the baseline and alternative parameters. The underlying certainty equivalents
and their standard errors can be found in [Table A1l

¥ 2 3 4 5 6 7 8 9 10

-21.54 -28.12 -30.21 -31.65 -33.13 -34.72 -36.46 -38.21 -39.96
(2.00)  (2.79)  (2.97)  (3.02)  (2.99)  (2.89)  (2.76)  (2.63)  (2.52)
-10.96 -17.94 -24.02 -30.11 -36.02 -41.45 -46.20 -50.22 -53.57
(097)  (1.97)  (257)  (2.89)  (3.07)  (3.12)  (3.01) (2.78)  (2.52)
-90.78 -82.19 -75.74 -7T1.18 -68.04 -65.96 -64.65 -63.90 -63.57
(0.56)  (1.25)  (1.59)  (1.70)  (1.70)  (1.65)  (1.57)  (1.49)  (1.43)
-67.45 -57.09 -53.67 -54.02 -56.35 -59.45 -62.49 -65.13 -67.29
(0.92)  (1.60)  (1.89)  (2.08)  (2.38)  (2.62)  (2.66)  (2.55)  (2.37)

Myopic baseline (%)

Myopic alternative (%)

Static baseline (%)

Static alternative (%)

Table 2.3: Rounded percentage loss in certainty equivalent when using the suboptimal strate-

gies defined in [Definition 2.1] instead of the optimal strategy defined in for

the baseline and alternative parameters. The baseline parameters can be found in
the alternative parameters in Percentage standard errors are reported in paren-
theses. The data is calculated over 10,000 simulations. We assume 7' = 40 with monthly
time steps in the simulations, Wy =1, 7y =1, 7, = 5, and 7 = 5.

For both the baseline and alternative parameters we find the welfare losses
to be smaller for the myopic Merton strategy than for the static Merton strat-
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egy. This is in line with our expectations since the myopic strategy takes the
time variation in prices of risk into account and thus, implicitly, it takes the
evolution of the state variables into account. As the state variables have a
central role in the model setup, accounting for their evolution will benefit the
agent. The static strategy does not take the time variation in prices of risk
into account, while the evolution of the assets is still influenced by this time
variation, leading to severe welfare losses for both sets of parameter estimates.
Another way to interpret the relatively small welfare losses of the myopic strat-
egy (as compared to the static strategy) lies in an analytical explanation of
the optimal strategy in [Proposition 2.1l The magnitude of the first hedge de-

mand is determined by oy, whose estimated values are small compared to the
values of A, and H (t, Xy). Hence, neglecting the first hedge demand will not
significantly influence the portfolio composition. Furthermore, the magnitude
of the second hedge demand is determined by H (¢, X;), which only influences
the position in the two nominal bonds. Hence, the only difference between the
optimal strategy and the myopic strategy is the demand for the two nominal
bonds to hedge against fluctuations in the state variables. The static demand
differs from the optimal strategy in an extra way; namely by not taking the
time variation in the price of risk into account. This thus leads to higher
welfare losses.

For the static Merton strategy we find, for the baseline parameters, that
an agent with lower risk aversion faces smaller welfare losses. It should be
noted that, although we find this pattern, we cannot conclude a statistically
significant difference between the welfare losses for v = 7 and higher. The
approximately inverse relation of the welfare losses with the price of risk can
be explained by the fact that an agent with lower risk aversion takes more
extreme positions. Hence, a larger variation in the price of risk is needed to
mimic the optimal position. The static Merton strategy takes no time variation
in the price of risk into account and thus the effect will be extremer for smaller
values of 7. For the alternative parameters we find a different pattern than for
the static strategy. Until v = 6 we see, taking standard errors into account, a
decrease in the welfare loss as the agent gets more risk averse. However, from
v = 7 we see an increase in the welfare loss. This is in line with the strategies
we show for v = 8 and v = 10 in [Figure A.1l Here we see, as compared to
[Figure 2.1] that the allocations have become extremer for the highest values
of v when using the alternative parameters instead of the baseline parameters.
We thus see that these more extreme allocations lead to higher welfare losses.

For the myopic Merton strategy we find different patterns than for the
static strategy. For the baseline parameters we find that the welfare losses
increase as 7y increases, although we cannot conclude a statistical significant
difference between the welfare losses for v = 7 and higher. For the alternative
parameters we also find that the welfare losses increase with . For those
parameters we can conclude that the welfare losses are significantly different for
different values of the risk aversion parameter. We argue that the proportional
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relationship between v and the welfare loss for the myopic strategy can be
explained from the composition of the optimal portfolio. Both in the static
and myopic strategy, the hedge demands are not taken into account. However,
the static strategy also neglects the time variation in the price of risk. Since
lower values of v lead to more variability in the optimal allocation, the time
variation in the price of risk is needed to account for the variability induced
by the optimal strategy. Hence, the effect of neglecting the time variation in
risk premia is dominant over the effect of not taking the hedge demands into
account, for the static strategy. However, for the myopic strategy the time
variation in risk premia is taken into account. Hence, the only difference with
the optimal portfolio is that the hedge demands are not taken into account.
We conclude that purely the effect of the hedge demand affects the more risk
averse agents harder. In other words, a more risk averse agent puts relatively
more weight of the portfolio in hedging than less risk averse agents. Hence, the
relative share of the mean-variance optimal demand in the optimal portfolio
is higher for less risk averse agents. Consequently, the welfare losses for the
myopic strategy increase with . Overall we conclude that the the myopic
strategy leads to significantly smaller welfare losses than the static strategy
because the evolution of the price of risk is taken into account. However, the
welfare losses for both the myopic and static strategy are highly sensitive to
the parameters used.

We want to compare the magnitude of the welfare losses from using a sub-
optimal strategy to the magnitude of the welfare losses from using an incorrect
risk preference parameter. We present the welfare losses of using an incorrect
risk preference parameter for the baseline and alternative parameters in
[ble 2.4] and [Table 2.5 respectively. The corresponding certainty equivalents
and their standard errors can be found in[Table A.2land|[Table A.3| respectively.

The tables with welfare losses can be interpreted as follows: on the vertical axis
the agent’s true risk preference parameter, i.e, is reported whereas the hor-
izontal axis shows possible measured values of the risk preference parameter,
Vmeasured- For each cell in [Table 2.4] and [Table 2.5 the strategy is calculated on
the basis of Ymeasured; Whereas the strategy is evaluated on the basis of %ruﬂ.
When Vpeasured # Virue the strategy is suboptimal, which in general leads to

welfare losses. Further information on how the certainty equivalents and their
standard errors are calculated can be found in [Section 1.3l

13Table A.2| and [Table A.3| show the certainty equivalents for the suboptimal strategy
where an agent invests according to Ymeasured, DUt evaluates the strategy according to t,ue.
The certainty equivalents of the optimal strategies based on 7;,ue can be found in
Combining[Table A.2|and [Table A.3|with[Table A.T|thus leads to the welfare losses presented
in [Table 2.4]and |[Table 2.5}
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Measured ~
2 3 4 5 6 7 8 9 10
True v
5 7 -19.85 -48.84 -64.97 -73.99 -79.44 -82.98 -85.41 -87.16
(3.31)  (2.60)  (1.90)  (1.46)  (1.17)  (0.98)  (0.85)  (0.75)
3 -49.03 B -7.43  -23.90 -37.35 -47.19 -54.35 -59.67 -63.72
(6.51) (3.86)  (420)  (3.79)  (3.33)  (2.95)  (2.64)  (2.39)
4 -71.84 -17.91 B -4.11  -13.63 -22.94 -30.81 -37.21 -42.40
(444)  (5.56) (3.06)  (3.96)  (4.04)  (3.87)  (3.63)  (3.40)
5 -79.91 -34.13 -7.04 - -2.75  -8.74 -15.17 -21.11 -26.30
(2.89)  (6.31)  (3.78) (229)  (3.30)  (3.65)  (3.70)  (3.63)
6 -83.556  -43.96 -15.80 -2.95 7 -2.03 -6.07 -10.65 -15.12
(2.10)  (5.55)  (5.21)  (2.60) (1.72)  (2.66)  (3.12)  (3.31)
. -85.53 -49.92 -22.70 -7.66  -1.22 - -1.58  -447  -7.83
(1.64)  (476)  (5.34)  (3.93)  (1.86) (1.32)  (2.15)  (2:63)
8 -86.75 -53.78 -27.71 -12.05 -3.84 -0.44 B -1.27  -3.43
(1.35)  (4.13)  (5.07)  (4.40)  (2.97)  (1.38) (1.03)  (1.74)
9 -87.57 -56.43 -31.35 -15.65 -6.61 -1.92  -0.06 B -1.05
(1.14)  (3.63)  (4.72)  (446)  (3.50)  (2.28)  (1.05) (0.83)
10 -88.15 -58.36 -34.06 -18.51 -9.10 -3.69 -0.91 0.13 B
(0.99)  (3.24)  (4.38)  (4.36) (3.72)  (279)  (L.78)  (0.83)

Table 2.4: Rounded percentage loss in certainty equivalent when the agent invests accord-
ing to an incorrect risk aversion parameter instead of the true risk preference parameter.
Percentage standard errors are reported in parentheses. The data is calculated over 10,000
simulations. We assume T' = 40 with monthly time steps in the simulations, Wy =1, 4 =1,

75 = 5, and 7 = 5. Other parameter values are given in

Measured -~y
2 3 4 5 6 7 8 9 10
True v
9 7 -13.53 -32.58 -45.12 -53.28 -58.84 -62.80 -65.75 -68.02
(1.66)  (1.60)  (1.40)  (1.24)  (1.12)  (1.03)  (0.96)  (0.90)
3 -39.88 - -3.59  -13.46 -22.23 -29.16 -34.56 -38.82 -42.23
(7.77) (2.31)  (2.63)  (2.56)  (2.42)  (2.28)  (2.16)  (2.05)
4 -71.40 -18.09 B -0.75  -6.00 -11.65 -16.70 -21.00 -24.62
(5.75)  (5.74) (219)  (279)  (2.91)  (2.88)  (2.81)  (2.72)
5 -82.63 -39.64 -9.78 - 0.21 -2.72 -6.38  -9.97  -13.25
(313)  (7.11)  (3.95) (1.86)  (2.58)  (2.84)  (291)  (2.90)
6 -87.28 -53.42 -22.96 -6.03 7 0.54 -1.13 -3.55 -6.12
(1.95)  (5.67)  (5.89)  (2.82) (1.55)  (2.28)  (2.61)  (2.75)
. -89.68 -61.49 -33.80 -14.47 -4.08 B 0.65 -0.31 -1.93
(1.35)  (4.32)  (5.74)  (457)  (2.09) (1.28)  (1.98)  (2:35)
8 -91.10 -66.52 -41.56 -22.37 -9.82  -2.95 B 0.67 0.14
(1.00)  (3.39)  (4.99)  (4.99)  (3.55)  (1.61) (1.o7)  (1.71)
-92.03 -69.88 -47.05 -28.76 -15.59 -7.06 -2.24 0.64
? (0.79)  (275)  (4.26)  (4.75)  (4.16)  (2.81)  (1.27) N (0.90)
10 -92.68 -72.27 -51.05 -33.72 -20.64 -11.38 -5.32 -1.77 B
(0.64)  (229)  (3.66)  (4.32)  (421) (3.44)  (2.26)  (1.03)

Table 2.5: Rounded percentage loss in certainty equivalent when the agent invests accord-
ing to an incorrect risk aversion parameter instead of the true risk preference parameter.
Percentage standard errors are reported in parentheses. The data is calculated over 10,000
simulations. We assume T" = 40 with monthly time steps in the simulations, Wy =1, 1y =1,

72 = 5, and 7 = 5. Other parameter values are given in
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First of all, it should be noted that some percentages presented in
and are positive. Although using a suboptimal strategy can never
result in a welfare gain, positive numbers can be found as a consequence of
the numerical implementation. When the measured risk aversion parameter
is close to its true value, the numerical implementations will lead to approx-
imately similar certainty equivalents. As a consequence of the simulations,
the certainty equivalent of the suboptimal strategy can then be slightly higher
than the optimal CE. However, in those cases no statistical significant differ-
ence between the two certainty equivalents can be concluded. In other words,
the welfare loss is not significantly different from zero and thus the strategies
lead to approximately the same wealth.

For both the baseline and alternative parameters we find, in line with our
expectations, that the welfare losses increase as the measured value of v is
further away from the true value. Furthermore, we see that an overestimation
of v of at most one leads to small welfare losses, which are in many cases
not statistically significant different from zero. This is only not the case for
Yirwe = 2. In these case, even using the strategy of Vimeasurea = 3 Will lead to
a significant welfare loss. This can be explained by the fact that strategy for
v = 2 is so aggressive that even a little deviation will lead to welfare losses.
Furthermore, we see that for the alternative parameters also an overestimation
of size two in general do not lead to large welfare losses. This is not the case
for the baseline parameters where an overestimation of size two can cause
significant welfare losses. This again shows the sensitivity of the model with
respect to the parameter values.

In general the welfare effects of a relatively small misestimate are smaller
for higher values of 7. This can again be explained by the fact that the
strategies become less aggressive for higher values of . Furthermore, the ef-
fects of a small underestimation of the risk preference parameter are generally
larger than the effect of a small overestimation. A possible explanation for this
is that lower values of the risk aversion parameter lead to more extreme alloca-
tions and thus an inaccurate value of v will lead to larger deviations from the
optimal strategy. In general, we find significant differences between the mag-
nitudes of the losses for the baseline and alternative parameters, in line with
the losses arising from the use of the myopic or static strategy. Welfare losses
are larger for the baseline parameters, which could possibly be explained by
the larger norm of the price of risk, which results in more extreme allocations.
Hence, it is likely that more extreme welfare losses are found. Although the
magnitudes of the welfare losses differ per set of parameter estimates, approx-
imately similar patterns are found. Welfare losses increase as the measured
risk aversion parameter deviates more from the true risk aversion parameter,
for both the baseline and alternative parameters. Acting as if the agent is
less risk averse than it actually is leads to more extreme welfare losses than
overestimation of the risk preference parameter.

We have thus found that assuming a constant price of risk leads to extreme
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welfare losses in the KNW model. When the affine structure of the price
of risk is taken into account these welfare effects can to a large extend be
mitigated. With respect to using an incorrect risk aversion parameter, we
find that absolute deviations from the true risk aversion parameter of at most
two will lead to relatively small welfare losses, at most equal to the losses
when using the myopic Merton strategy. For larger differences between the
measured and true v, welfare losses will increase significantly. In general, the
effects are larger when the risk aversion of an agent is underestimated. This
is explained by the fact that low values of the risk aversion parameter lead
to extreme allocations, and thus welfare losses will be larger when the risk
aversion parameter is underestimated.
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Chapter 3

Stochastic volatility

In the previous chapter we examined the effect of stochastic interest rates
and inflation on the optimal portfolio, whereas we assumed the volatility of the
stock to be constant. However, empirical evidence shows that the volatility
of asset prices fluctuates over time. Furthermore, volatility risk significantly
influences asset prices (Huang et al., [2019). Therefore we will investigate
the welfare effects of stochastic volatility in this chapter. We take the model
introduced by Heston! (1993) to describe the stochastic volatility framework. In
we will present the financial market, combined with the dynamics
of an asset in which the agent cannot invest. This asset fulfills the same
function as the inflation-linked bond in [Chapter 2 in the dual market we will
lift the trading constraint on the asset so that we can apply the Martingale
method to our portfolio optimization problem. In we will solve the
dual optimization problem and link the corresponding investment strategy to
a strategy in the original incomplete market. In we will exploit the
properties of the optimal strategy by a numerical analysis. Finally,
will provide the welfare losses of using Merton’s suboptimal mean-variance
strategy and the welfare losses resulting from using a wrong risk preference
parameter.

In contrast to other stochastic volatility models, the model by [Heston
(1993)) allows for correlation between asset returns and the volatility process.
Heston (1993) uses the model to find closed form prices for call options on
stocks with stochastic volatility and thus no portfolio optimization problem is
analyzed. Consequently, no welfare analysis is performed. However, the port-
folio optimization problem in [Heston's model is performed by several other
authors, for example by |Liu and Pan| (2003)), Nielsen and Jonsson| (2015)), Chen
et al.| (2018), and [Yang and Pelsser| (2023)). Liu and Pan| (2003), |Chen et al.
(2018), and [Yang and Pelsser| (2023) deal with the incompleteness of the model
by adding an extra asset to the market. In this complete market an optimal
strategy is found. However, the optimal strategy in the complete market is
not linked to the optimal strategy in the incomplete market. Hence, we extend
the results of |Liu and Pan| (2003), |Chen et al.| (2018), and |Yang and Pelsser
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(2023) by presenting a strategy that is optimal in the original incomplete mar-
ket. Nielsen and Jonsson (2015) solve the portfolio problem using a dynamic
programming approach and thus a strategy optimal in the incomplete market
is found. The use of a dynamic programming method introduces the need
for complex verification arguments in the work of |[Nielsen and Jonsson/ (2015)).
The same holds for Liu and Pan| (2003), who also solve the optimization prob-
lem with a dynamic method. (Chen et al.|(2018) and [Yang and Pelsser| (2023)
rely on Laplace transforms when solving the optimization problem. We solve
the portfolio optimization problem using Martingale method in combination
with duality theory. We argue that this approach is technically less demanding
than the approaches used by |[Liu and Pan| (2003)), Nielsen and Jonsson| (2015)),
Chen et al.| (2018), and [Yang and Pelsser| (2023). Hence, next to finding the
optimal strategy in the incomplete market, we also depart from the work in
the literature by using a different and arguably simpler method.

Liu and Pan/(2003) focus on an analysis of the optimal strategy, particularly
when the volatility process is allowed to jumpE]. Furthermore, they investigate
the effect of not taking stochastic volatility into account. It is found that
no significant welfare loss arises when volatility risk is not hedged. Nielsen
and Jonsson (2015)) perform a similar welfare analysis and also find that no
significant welfare gains are found when volatility risk is hedged. This is in
line with the results we will present in Although [Chen et al.
(2018) and Yang and Pelsser| (2023)) solve the optimal investment problem in
Heston[s model, none of these papers use the optimal strategy to perform a
welfare analysis. (Chen et al.| (2018) compare the optimal strategy in Heston[s
model with strategies where extra constraints are imposed on the portfolio.
Yang and Pelsser| (2023) examine the effects of using different utility functions
than the CRRA utility in a stochastic volatility framework.

We end the introduction of this chapter with a brief remark on the work of
Kraft (2005]), who proposes verification results for the optimal strategies when
using a dynamic programming approach. Dynamic programming approaches
do not take care of the verification of constraints in itself. Therefore, an ex-
post verification of the optimal strategy is important. Kraft (2005)) argues that
several papers that study optimal investment in a stochastic volatility frame-
work have not taken this verification into account. For example, the optimal
strategy found by |Liu (2001)) is not unique. Hence, the work of |[Kraft| (2005)
plays an important role when considering stochastic volatility in combination
with a dynamic programming approach. Since we use the Martingale method
the verification of the strategies is taken care of within the method itself.

16 Jumps in the volatility process make it possible to capture sudden market movements
more realistically. See Branger et al.| (2008) for more information on optimal investment in
a stochastic volatility model in which the volatility is allowed to jump.
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3.1 Financial market

In this section, we present the financial market introduced by [Heston
(1993). The model is an extension of the Black-Scholes financial market where
the volatility of the stock is allowed to be stochastic. The agent can invest in
a stock and a money market account, whose dynamics are given as follows:

d
5’5 — pupdt + /2L,

¢ (3.1)
B,
B,

where Z} is a one dimensional standard Brownian motion, Sy = By = 1, and
py = 7 + mvy with v, the stochastic volatility as defined in (3.2). We assume
m € R so tht n pins down the price of risk of Z}, i.e. “t—\/;: = 771. As
opposed to [Chapter 2] the interest rate is constant and we do not allow for
investments in bonds, similar to Heston| (1993). The stochastic variance is

modeled according to a mean reverting process:

dvy = k(v — vy)dt + 6\/v(pdZ} +\/1 — p2dZ}) (3.2)

where Z? is a one-dimensional standard Brownian motion, independent of Z}.
Similar to Z}, we assume that the price of risk of the second Brownian motion
is proportional to the square root of the stochastic variance process, i.e. the
price of risk of Z7 equals 72+/1, where 1, € R. We can assume a price of risk
of the second Brownian motion in the original market because duality theory
forces an asset to be defined that is driven by Z?. Without this added asset,
no price of risk of the second Brownian motion would exist. A dependence
structure between Z! and Z? is created using a Cholesky decomposition with
correlation coefficient p. The starting value of the stochastic variance process
vy is one of the parameters we set when simulating the model. We see that
the variance fluctuates around its long run mean v with mean reversion speed
k. 0 can be interpreted as the volatility of the variance process. To guarantee
positivity of the variance we impose the restrictions 2k > 6% and vy > 0
(Chen et al., 2018)).

Combining the two prices of risk leads to the following price of risk vector

A = lZ;\/\/?j (3.3)

17The assumption that the prices of risk are proportional to the square root of the stochas-
tic variance is in line with the work of [Heston| (1993). Without this assumption no closed
form solution to the portfolio optimization problem could exist. In this thesis, the conditional
expectation in would no longer be affine in v; without this assumption. Consequently,
no closed form solution to the corresponding conditional expectation would exist in this
case.

for the original market:
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Since we only allow for investments in a stock and a money market account,
the Heston/s financial market does not provide the possibility to take financial
positions in products that are directly driven by the second Brownian motion
Z2%. As such the financial market is incomplete. We deal with this market in-
completeness using the primal-dual approach explained in [Section 1.2] Hence,
we introduce an extra asset to the original market in which the agent cannot
invest and thus we maintain market incompleteness in the original market. In
the dual market the trading constraint is lifted and thus Z? can be traded.
Since the added asset is driven by the untraded Brownian motion, the price of
risk in the dual market of the Brownian motion untraded in the original mar-
ket equals 7o plus the perturbation term, which allows us to link the strategy
in the dual market to the strategy in the primal market.

Before defining the extra asset, we first propose the pricing kernel. By
virtue of using the money market account B; as numéraire, the pricing kernel
in the market with an added asset is given as follows:

do
= Tt = (n/RdZ e ndZ) (3.4)

= —rdt — A;dZt

By means of this pricing kernel we can define the extra asset we introduce
in the original market. In line with |Chen et al.| (2018)), we let the price of this
option be equal to Oy = h(t, S, ;). We then know that its price is defined as
follows:

or

O, =E l@h(t, Sy, z/t)‘}"t] (3.5)

Using that ¢,0; is a martingale, we find that O, adheres to the following
dynamics (see |[Appendix B.1| for detailed derivations):

dO; = <T0t + (hsSt + h,op)muvs + hVéﬂnQVt> dt

3.6
+ \/775<(th,5 + h,6p)dZ} + h,d\/1 — deZf) 39
We stress that the agent is not allowed to trade in O; in the original market.
Hence, although we use an exact postulate for O,, any asset influenced by the
stochastic volatility would satisfy the requirements on the added asset imposed
by duality theory.
To support further derivations, we combine the dynamics of all assets in
the original market in the vector Y; € R?*!, which then reads as follows:

y, = m (3.7)
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The dynamics of Y; are specified as:

dY; = diag(V:) ((r + SyAy)dt + 4dZ,) (3.8)

/
where 7, = [Ztl Zf} . Furthermore, ¥; € R?*? represents the time dependent
variance-covariance matrix of the financial market:

Vi 0

Si(heSetdphy)  \/Thuor/1—p? (3.9)
Oy (on

Et:

3.2 Portfolio optimization problem

In this section we solve the portfolio optimization problem in Heston’s
stochastic volatility model. In the original incomplete market, the agent faces
the following optimization problem:

1—y
sup ]E{WT }
0 11—~
S.t. th = Wt(T + QQEtAt)dt + WtetztdZt

(3.10)

where 6, € R?*! represents an investment strategy in the original market. Due
to the trading constraint on Oy, 03, should equal zero for each time point.
Therefore, the optimization problem in cannot be solved with the Mar-
tingale method: the corresponding static problem will be characterized by
infinitely many pricing kernels. To apply the Martingale method, we find the
optimal investment strategy in the original market via the dual market. In
the dual market the trading constraint on O, is lifted. The asset dynamics in
the dual market are equal to the dynamics in the primal market, except for
the price of risk of the Brownian motion untraded in the original market. To
satisfy the mathematical equivalency between the primal and dual solution we
set the price of risk of the second Brownian motion in the dual market equal
to the sum of 7, and the time-dependent but non-stochastic perturbation term
a;. Hence, in line with the duality theory, the price of risk in the dual market
is defined as follows:

el =l =

where n; and 7y are the prices of risk corresponding to the primal market
defined in and a; is the perturbation term. We find the optimal strategy
in Heston’s model to be time-dependent but not stochastic. Hence, only a time-
dependent perturbation term is needed to make the dual strategy admissible
in the primal market. The modification of the price of risk of the untraded
Brownian motion happens in such a way that the choice of a; that reduces the
demand of Oy to zero corresponds to minimizing the dual objective, which in
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turn maximizes the primal objective (Cvitanic and Karatzas, [1992)).

As a consequence of working with a modified price of risk in the dual
market the dynamics of the pricing kernel change. Although the dynamics of
the pricing kernel in the dual market trivially follow from the modified price
of risk, we choose to present it to ensure clarity:

doy

t

= —rdt — (m\/VdZ} + T /v dZ}) (3.12)

where ¢y = 1.

In the dual market we face a new optimization problem. By choosing ét(a)
optimally, the agent aims at maximizing terminal dual wealth. This leads to
the following dynamic optimization problem:

5 1y

sup E{WT ]
0 1=~

s.t. dVNVt = Wt (7’ -+ ét(a)/ZtAt)dt + VNVtét(a)/EtdZt

(3.13)

Note that the budget constraint in specifies the evolution of dual wealth.
Hence, 6;(a) € R**! describes an investment strategy in the dual market,
which is dependent on the perturbation term a;. The first element of 0;(a)
corresponds to the position in the dual market in the stock. The second element
corresponds to the position in Oy, which we will set to zero by determining
the appropriate perturbation term in the dual market. The remainder, 1 —
S22, 0i+(a), is invested in the money market account. The optimal strategy
in the primal market will depend on the optimal perturbation term and thus
we will denote this strategy by 6,(a*). The budget constraint states that the
agent earns the risk premium Y;A; on the fraction of wealth that is invested
in the risky asset. The remainder is invested in the money market account,
paying the short rate r. Once we have made the choice of the perturbation
term that reduces the demand of O, to zero, we can specify the evolution of
primal wealth from the budget constraint. Similarly as for the KNW model,
it should be noted that the optimal dual wealth is equal to the optimal primal
wealth after inserting the optimal a; (Cvitanic and Karatzas, [1992)).

Following the logic of |[Cox and Huang (1989, [1991)) and Munk! (2017), we
transfer this dynamic problem to its static counterpart:

o
sup ]E[WT }
W L1

s.t. E[&TWT} = Wo

(3.14)

Since the agent now faces a static optimization problem, we resolve to a La-
grangian approach. We find the following Lagrangian £ for some Lagrange
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multiplier [:

Wi -
zzE[lf | +1(Wo — E[grWr))
. (3.15)
Wy
= E[l L — 1 Wy | + W,

Taking derivatives inside the expectation and rewriting for W leads to the
following expression for optimal terminal dual wealth:

_1

Wi = (Igr)~> (3.16)

Plugging this result in the static budget constraint from (3.14]) gives us an
analytical expression for the Lagrange multiplier:

=Wy (E[(6r)' 7)) = W gk (3.17)

where we have defined gr as E (&T)l_ﬂ. Substituting the expression for the
Lagrange multiplier back in (3.16)) leads to the following expression for optimal
terminal dual wealth:

- WO
W35 = —
4 gr

By using the Martingale method we treat wealth as a traded asset and thus

(ér) > (3.18)

we can find the optimal dual wealth at time ¢ by discounting the optimal dual
terminal wealth with the appropriate pricing kernel:

Wy = ;E (601317

LULTERST <¢~T>W

gr t

(3.19)
F

Similar to the optimization problem in the KNW model, we need to find an

.o 2=l -
explicit expression for E (‘Z)—f) " |Fi|. In|Appendix B.2{we show that (¢;)
is an exponentially affine function of the stochastic variance and thus we can
solve the conditional expectation by the results of Duffie and Kan (1996) on
affine yield models. Therefore we find the following expression for the condi-

tional expectation of interest:

P(t,1) =E (@) N

t

~y—1
o

Fi| = exp (A(t) - B@)m) (3.20)

where A(t) € R and B(t) € R. We find the following system of ODE’s that
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describes A(t) and B(t):

fl(t) = —k0B(t) + 7; r
Blo) = 3B+ (w+ T 2olm + 1= ) B (321
b o+ )

By combining (3.18) and (3.19) we know that E[(‘g)wvl ]—}} = 1 and thus

we find the terminal conditions A(T) = B(T) = 0. For derivations of
and (3.21)) we refer to |[Appendix B.2l The ODE describing B(t) is a one-
dimensional Riccati equation with constant coefficients and thus we know it
has an analytical solution. Note however that the system above describes dual
wealth and hence it is dependent on the perturbation term a;. Once we have
made the choice of a perturbation term that reduces the demand of O; to zero,

we can present the system of ODE’s specific to the evolution of the optimal
primal wealth. We therefore choose to present the solution to the system in
once we have determined a;, so that only the solution specific to the
optimal perturbation term is given.

By applying the Martingale method we treat wealth as a traded asset.
Therefore we know that the optimal wealth, discounted with the pricing kernel,
should be a martingale. First, note that from (3.20]) we find the following for

Wt* ggt .
ea = Doyt | ()

t

Fi| ¢

(3.22)
Wo ~ 2=l ~
= 97(¢t) T P(t, )

whose dynamics are defined as follows (see [Appendix B.2| for derivations):

R A (GO N
(3.23)

~ -1
+BOIT =~ i) y7dZ

Note that the dynamic budget constraint in (3.13)) provides an alternative
formulation for the evolution of the optimal dual wealth. We know that also
the product of this specification of wealth and the pricing kernel should be a
martingale. Hence, we find the following alternative formulation of Wt*ét in
[Appendix B.2;

th*QEt = Wt*qgt(é:(a)lzt — A;)dZt (324)

Note that at this point we have not yet determined the optimal perturbation
term a; and thus the optimal strategy in the dual market is dependent on a,
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rather than a;.

By equating the volatility terms from (3.23) and (3.24) we arrive at an
equation that describes the optimal investment strategy in the dual market:

[B(t)op—ine BO)SVT— 7% — T iz = Bi(a) S — A, (325)

Solving the equation above for 87 (a)’ leads to the following optimal investment
strategy in the dual market:

i+ ~m (mta)p « hsS
(@="2- ()25

1,.\a@ — e Uyl
) 1 _ 2 )
ToavETe (3.26)

- - M+ a O
03(a) = (B(t) + m) h*t

Now that we have found the optimal strategy in the dual market it remains
to be answered how we can link this to a strategy in the original incomplete
market. Therefore, we determine a; such that 9~27t reduces to zero for every t.
We can achieve this by choosing af = —B(t)y6+/T — p? — 5. Note that the
optimal perturbation term depends on ~. Hence, every agent will choose a
different perturbation term. Intuitively this can be explained by the fact that
volatility risk is non-traded in the original market. Therefore, infinitely many
pricing kernels exist in this market. Hence, how volatility risk is experienced,
and thus how the dual strategy is made admissible in the primal market,
is agent specific. Furthermore, the incompleteness is presented within the
context of a primal-dual optimization problem for an agent with risk aversion
parameter ~v; the nature of the whole optimization problem is therefore agent
dependent. Consequently, the way in which the evolution of dual wealth is
linked to the evolution of primal wealth is also specific to each individual
agent.

With the choice of a; that reduces the demand of O, to zero, we can present

the system of ODE’s in (3.21]) that makes the dual strategy admissible in the

primal market, for an agent with risk aversion parameter . Formally, A(t)
and B(t) can be simplified as follows on the basis of a;:

A(t) = —kiB(t) + 2 ; L
B(t) = (= 59 = 50 = 080 = ) ) Ble? + (w+ T b0m ) B
1yv—-1,
+ B V2 M

(3.27)
where we again have the boundary conditions A(T) = B(T) = 0. We see
that the price of risk of the second Brownian motion 7y is absorbed by a;
as a consequence of duality theory. Hence, the dependency of the system
on 7)o vanishes if the dual strategy is made admissible in the primal market.
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The ODE describing B(t) is a one dimensional Riccati equation with constant
coefficients a = —16% — $(v — 1)8*(1 — p?), b=k + VT_lépm, and ¢ = %77—_2177%
We therefore know that a closed-form solution exists. [Nielsen and Jonsson
(2015) show in Lemma 1 of their paper that B(t) looks as follows:

9 D(t-T) _ 1
(e ) , if b* > 4ac,
(D — b)(ePtT) — 1) + 2D
N 2e(t = T) oo
B(t) = 2 bt—T) if b = 4dac, (3.28)
4' . E(t—T)
deblTy ) iR < dae
2ie cos(“5—) — 2bisin(* )

2 2

with D = v/b? — 4ac, ¢ = —iD, and i the complex unit. Note that Nielsen
and Jonsson| (2015) give the solution for a problem with boundary condition
B(0) = 0. Therefore the solution in (3.28) is slightly modified compared to
the solution by Nielsen and Joénsson (2015) so that the terminal condition
B(T) = 0 is met.

Combining all information leads to the optimal investment strategy in the
original incomplete market, which we formally introduce in |Proposition 3.1}

Proposition 3.1 Consider the optimal dynamic investment problem in the
Heston model specified in (3.10)). The corresponding optimal wealth process in
the incomplete market, W[, is given by:

_Wo s

Wy (&) 7 P(t, 1)
gr

forallt € [0,T]. Here, gr = E{(&T)l_ﬂ, 1 is defined in (3.12)), and P(t,v;) =

exp ([l(t) + B(t)ut). ¢ and P(t,v,) depend on the optimal perturbation term
ay, which is set such that an agent does not invest in O,:

a; = —B(t)y6y/1 - p* — 12

With the use of this perturbation term we have defined B(t) in (3.28). Conse-

quently, A(t) looks as follows:

¢ y _
At) = /0 —kUB(s) + 1 5 1rds

Ultimately, this leads to the following optimal fraction of wealth that is invested
in the stock in the incomplete Heston market:

(") = 7+ B3

The remainder 1 — 05 ,(a*) is invested in the money market account.
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In line with the mutual fund separation theorem introduced by Merton
(1971), we see that the optimal demand of the stock consists of the mean-
variance optimal demand and hedge demand. The first term shows that the
mean-variance demand of the stock is proportionally related to the price of risk
coefficient of the first Brownian motion. Hence, the mean-variance demand of
the stock will increase as the price of risk of the stock increases. Furthermore,
we see that the mean-variance demand of the stock is inversely related to the
risk preference parameter, and thus the allocation to the stock will decrease
if the risk aversion level increases. For a given risk aversion level, the mean-
variance optimal demand is constant and thus independent of the realized
stochastic volatility. This can be explained from the fact that we assumed that
the prices of risk are proportionally related to the square root of the stochastic
variance. Due to this assumption, the stochastic volatility in the denominator
of the mean-variance demand has canceled out with the stochastic volatility
in the numerator. Hence, the mean-variance demand is independent of the
stochastic volatility. The hedge demand term can be explained by the fact that
the evolution of the stock is influenced by the stochastic volatility (Liu and
Pan| 2003). The two Brownian motions driving the uncertainty in the market
are correlated with coefficient p. The stock only gives the possibility to take
a position in the first Brownian motion, whereas the second Brownian motion
indirectly influences the evolution of the stock via the stochastic volatility. The
hedge demand corrects for this correlation effect.

We conclude this section by comparing the optimal strategy defined in
|[Proposition 3.1|to the strategies presented in the papers we have discussed in
the introduction to this chapter. [Liu and Pan| (2003), Chen et al.| (2018]), and
Yang and Pelsser| (2023) all find the demand of the stock to consist of three
terms, similar to the structure we have found up to the point that we have

set the demand of the added asset to zero. Hence, they present the optimal
strategy in a complete market and thus the demand of the extra asset is not
reduced to zero. In the dual market we find a similar demand for O, as [Liu
and Pan (2003), Chen et al| (2018)), and |[Yang and Pelsser| (2023). The defi-
nition of B(t) in aligns with the definition of the H(T — t) function in
the work of |Liu and Pan| (2003), Chen et al.| (2018), |Yang and Pelsser| (2023)),
although they find this function via a Laplace transform whereas we use the
results of Duffie and Kan| (1996]). We argue that this constitutes technically
less demanding derivations. The overall conclusion is that similar results are
found as in Liu and Pan| (2003), Chen et al| (2018), and |Yang and Pelsser
(2023), up to the definition of the optimal strategy in the incomplete mar-
ket. We have thus extended the results in the literature by formally finding
the optimal strategy in the incomplete market via duality theory. Although
we argue that this is a methodological refinement, we conclude that the differ-
ent methodologies lead to the same allocations in [Heston[s stochastic volatility
model. Finally, Nielsen and Jonsson (2015)) solve the optimal investment prob-
lem via a dynamic method and thus an optimal strategy for the incomplete
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market is presented. Nielsen and Jonsson| (2015]) find the demand of the stock
to be a composition of mean-variance optimal demand and a correction term,

which is in line with the results we present in [Proposition 3.1|

3.3 Numerical implementation investment
strategy

In this section, we present the results of a numerical implementation of the
investment strategy. As baseline input we take the parameter estimates used
by [Chen et al.| (2018) and [Yang and Pelsser| (2023)). The parameter estimates
are presented in [Table 3.1 Note that the estimates for the prices of risk of
the Brownian motions below lead to a similar norm of the price of risk as is
the case for baseline parameters in the KNW model, introduced in [Table 2.1}
Significantly different allocations to the stock can thus not be explained by
significantly different coefficients of the price of risk.

Parameter Value Parameter Value

vy Ay,
Vo 1.5 m 0.3
K 1.0 r 2.4%
% 1.5
) 0.5
p -0.4

Table 3.1: Benchmark values for the Heston parameters, proposed by [Chen et al.| (2018])
and [Yang and Pelsser| (2023).

In |[Figure 3.1| we present the (time dependent but not stochastic) optimal
allocation to the stock over the whole investment horizon for different values

of 7v. The allocation to O is zero by construction and therefore excluded from
the graphs. We simulate m = 10,000 scenarios with initial wealth W, = 1.
However, the optimal strategy in the |Heston model is constant across the sce-
narios and thus we do not show a percentile range around the allocation to the
stock. The same random numbers are used for all simulations in this chapter
and in the KNW chapter, for which the results are presented in
and [Section 2.4, We have used an Euler scheme with monthly time steps in
the simulations to simulate the stock and volatility process. To prevent the
volatility process from becoming negative, we truncate the volatility at zero in
our discretized SDE. Any remaining negative volatility values are set equal to
the long-run mean v. It should be noted that the volatility can be simulated
with schemes that significantly reduce the bias. A well-known method is the
quadratic exponential method introduced by |Andersen| (2007). Although this
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method leads to more accurate simulations of the stochastic volatility process,
we expect that this does not influence the life cycles we examine in this thesis.
The main reason for this is that we find little variation in simulated samples of
the stochastic variance for different random numbers. This suggests that the
results we find contain little variation. Furthermore, our simulation scheme
ensures that the average value of the volatility is equal to the long-run mean
of v, at each time point. We thus argue that by using enough scenarios and
time steps we have mitigated the possible bias induced by the Euler scheme.
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Figure 3.1: Optimal allocation to the stock in the Heston model. We assume T = 40 with
monthly time steps in the simulations and Wy = 1. Other parameter values are given in

The fact that we find no variation in the optimal allocation to the stock
can be explained completely from the optimal strategy in [Proposition 3.1}
The mean-variance optimal demand is constant over the time horizon, for a
given risk aversion level, due to the proportionality assumption on the prices
of risk. Hence, the only time variation in the allocation to the stock comes
from the first hedge demand. However, as B(t) is time dependent but not
stochastic, the hedge demand is also constant across scenarios. Therefore,
we find no variation in the optimal strategy across scenarios. Furthermore,
we find that the magnitude of the first hedge demand is small compared to
the mean-variance optimal demand. Since B(t) < —0.02 for each ¢ and risk
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aversion level, |p| < 1 and [§] < 1, we find that the value of the second
hedge demand is small compared to the value of 2. We thus conclude that
the optimal strategy in the model of Heston| (1993) is almost identical to the
optimal strategy in the model of [Black and Scholes (1973). In we
see that the correlation between Z}! and Z? is negative and thus the agent
implicitly takes a short position in the stochastic volatility via its position in
the stock. To compensate for this short position, we can see in that
the agent slightly reduces its position in the stock near the end of the time
horizon. This happens because the agent then wants to lock in the terminal
wealth and thus the risk that the short position in the volatility brings, is
mitigated. On the other hand, if p would have been positive, one would see
the opposite effect at the end of the horizon.

Another way of interpreting the small deviation of the optimal strategy in
the stochastic volatility model from the optimal strategy in the Black-Scholes
financial market, can be found in the setup of the stochastic variance process.
From these dynamics we know that the mean value of the stochastic variance
over the whole time horizon will approximately equal its long-run mean. If
the volatility of the variance process is not too large, this process results in
approximately constant values over the time horizon, in expectation. Therefore
the volatility of the stock will in expectation not differ much from the volatility
in the Black-Scholes market, if the constant volatility equals the long-run mean
of the stochastic volatility process in [Heston’s model. Summing up, we find a
strategy approximately similar to Merton/s mean-variance optimal strategy.

Liu and Pan| (2003) argue that the optimal strategy in Heston/s model is
sensitive with respect to the price of risk of the first Brownian motion. As
we have shown above, the optimal strategy is almost identical to the mean-
variance optimal strategy and thus scaling 7, will influence the optimal in-
vestment strategy equally. We argue that also the volatility of the stochastic
variance process influences the optimal strategy. The higher the volatility of
the variance, the more [Heston's financial market will differ from the Black-
Scholes financial market. Consequently, the optimal strategy will also deviate
more from the mean-variance optimal strategy. To investigate the sensitivity
of the allocations with resect to the parameter estimates we present an alter-
native set of parameters for which the numerical allocations are presented. In
this set we double the price of risk of the first Brownian motion and increase
the volatility of the stochastic variance, as can be seen in The
model contains several other parameters for which a sensitivity analysis could
be performed. However, an individual analysis per parameter would be too
lengthy. The choice to only investigate the sensitivity with respect to n; and
d is motivated by the work of Liu and Pan| (2003)) and the argument that He-
ston/s model will differ more from the Black-Scholes market for higher values
of ¢.

61



Parameter Value Parameter Value

vy Ay
o 1.5 m 0.6
K 1.0 r 2.4%
v 1.5
) 0.8
p -0.4

Table 3.2: Alternative values for the Heston parameters, proposed by |Chen et a1.| (]2018[)
and |Yang and Pelsser| (2023).

In we compare the strategy following from the baseline and
alternative parameters for v = 5. Compared to the baseline parameters, we

find a more aggressive strategy. Doubling the price of risk of the first Brownian
motion will double the mean-variance optimal demand. However, the strategy
in is not exactly two times the strategy in Any
other effect can thus be explained by the hedge demand. Although the hedge
demand is also influenced by 7, the difference in this term can mostly be
explained by the increased volatility of the variance process. Due to this
increased volatility, the effect of the short position in the stochastic volatility on
the optimal portfolio has increased. Therefore, the agent faces more volatility
risk by holding a position in the stock and thus it de-risks more extremely to
lock in on the terminal wealth. In we present the optimal strategies
for the alternative parameters for v = 2, v = 8 and v = 10. For all levels of ~
we see a similar pattern where the strategy gets almost twice as aggressive as
compared to the baseline parameters. Earlier de-risking can again be explained
by the increased volatility.
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Figure 3.2: Comparison of the optimal strategy in the Heston model for the baseline and
alternative parameters, for v = 5. We assume T = 40 with monthly time steps in the
simulations and Wy = 1. The baseline parameters are given in the alternative

parameters in
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Overall we conclude that the optimal strategy in|Heston's stochastic volatil-
ity model is almost identical to the optimal strategy in the Black-Scholes fi-
nancial market. Furthermore, the optimal strategy is highly sensitive with
respect to the parameter estimates. Although the proportional allocations are
not as extreme as in the KNW model, we see that small deviations in the
parameters can lead to large differences in the optimal strategy. Therefore, if
the Heston model is used in the pension-industry, parameter uncertainty will
play an important role. However, since the Heston model leads to seemingly
similar investment strategies as the Black-Scholes model, one could question
whether a more sophisticated model is needed in practice. In the next section
we will analyze the welfare effects of investing according to [Merton’s myopic
strategy in the model of Heston On the basis of these results, we can argue
whether taking volatility risk into account will benefit the participants of a
pension fund.

3.4 Welfare analysis

In this section we will compare the welfare generated by the optimal in-
vestment strategy in the Heston model with the welfare generated by the
mean-variance optimal strategy found by |[Merton (1969). Furthermore we will
investigate the welfare effects of using an incorrect risk preference parameter.
Although the mean-variance optimal strategy in [Heston[s stochastic volatility

model logically follows from [Proposition 3.1] we formally define it below:

Definition 3.1 Consider the optimal investment strategy in the Heston model

specified in |Proposition 3.1. We define the corresponding myopic strateqy as:

_m
1t =

where my is the constant price of risk of the first Brownian motion.

Note that the structure of the KNW model needed us to define two different
mean-variance strategies. However, in the model of Heston| (1993), the myopic
strategy is already a static strategy and thus no additional strategy is defined.

In we have found that the optimal strategy in [Heston[s model is
close to the myopic strategy. Therefore, we expect that investing according to
the myopic strategy will lead to small welfare losses, specifically in comparison
to the welfare losses we found in for the KNW model. In[Table 3.3
we present the percentage welfare losses when using the suboptimal myopic
strategy, instead of the optimal strategy for both the baseline and alternative
parameters. The underlying certainty equivalents and their standard errors

can be found in [Table B.1l
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0% 2 3 4 5 6 7 8 9 10

-0.06 -0.06 -0.04 -0.03 -0.02 -0.01 -0.01 -0.01 -0.01
(0.06  (0.10) (0.12) (0.12) (0.11) (0.11) (0.10) (0.10)  (0.09)
-0.76  -3.17 -4.45 -4.88 -4.92 -480 -4.60 -4.38 -4.17
(1.36)  (1.47) (1.23) (1.05) (0.91) (0.80) (0.71) (0.64) (0.58)

Myopic baseline (%)

Myopic alternative (%)

Table 3.3: Rounded percentage loss in certainty equivalent when using the myopic strategy

defined in [Definition 3.1] instead of the optimal strategy defined in [Proposition 3.1} for the
baseline and alternative parameters. The baseline parameters can be found in the

alternative parameters in Percentage standard errors are reported in parentheses.
The data is calculated over 10,000 simulations. We assume T' = 40 with monthly time steps
in the simulations and Wy = 1.

For the baseline parameters we find no welfare losses statistically significant
different from zero and thus we cannot conclude a difference in certainty equiv-
alents between the optimal strategy and the myopic strategy. The equivalency
of the optimal strategy with the mean-variance optimal strategy we concluded
in is thus supported by the findings above, for the baseline param-
eters. For the alternative parameters we can conclude statistically significant
welfare losses for all values of  different than two. This is primarily motivated
by the fact that the volatility of the stochastic variance has increased in the
alternative parameter set. Due to this increased volatility, the relative allo-
cation of the hedge demand compared to the mean-variance optimal demand
increases. Hence, investing myopically will lead to higher welfare losses. For
~v > 3 we cannot conclude a statistically significant difference between the wel-
fare losses. Hence, investing myopically will affect each investor approximately
similar, independent of the risk aversion level. The fact that we do not find a
statistically significant welfare loss for v = 2 can be explained from the relative
importance of the hedge portfolio, as compared to the mean-variance optimal
portfolio. For v = 2 the mean-variance optimal portfolio relatively has the
highest share in the total optimal portfolio, compared to the other values of
the risk aversion parameter. Hence, excluding the hedge portfolio will affect
this agent the least. We see that for v > 3 the relative share of the hedge
portfolio is approximately the same for each risk aversion level.

Although the alternative parameters lead to statistically significant welfare
losses, the welfare losses are of a significantly smaller magnitude than the
welfare losses of a myopic investor in the KNW model. Hence, not taking
volatility risk in |Heston’s model into account affects an agent significantly less
than not taking the interest rate risk and inflation risk in the model of |Koijen
et al.| (2010) into account. Hence, if the KNW model is assumed to represent
the economy, we state that investing according to the Black-Scholes model will
significantly hurt the agent. However, for the [Heston| model this is less clear.
One could argue that the extra complexity caused by the stochastic volatility
does not lead to fundamentally different optimal strategies and thus using the
Black-Scholes model is instead is more favorable. On the other hand, we find
that, for certain parameter choices, investing myopically will lead to welfare
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losses statistically significant different from zero. We thus argue that it remains
to be an open discussion whether or not taking volatility risk into account is
useful. It should be noted that the parameter sensitivity persists when using
the Black-Scholes model instead of the stochastic volatility model. Also in the
Black-Scholes market the mean-variance optimal demand is highly sensitivity
with respect to the price of risk of the Brownian motion that drives the stock.
Hence, the core of discussion about using [Heston/s model or the Black-Scholes
model lies in the question whether the extra complexity outweighs the possible
welfare losses.

We conclude this section by presenting the welfare losses from using an
incorrect risk preference parameter. We present the welfare losses of using an
incorrect risk preference parameter for the baseline and alternative parameters

in [Table 3.4] and [Table 3.4] respectively. The corresponding certainty equiv-
alents and their standard errors can be found in [Table B.2| and [Table B.3|
respectively. The tables with welfare losses present the welfare losses if an

agent invests according to the Ymeasurea On the horizontal axis, whereas the
strategy is evaluated on the basis of the 7 on the vertical axis. Further

information on how the certainty equivalents and their standard errors are
calculated can be found in [Section 1.3

Measured ~
2 3 4 5 6 7 8 9 10
True v
5 B -14.85 -29.93 -39.89 -46.55 -51.22 -54.63 -57.23 -59.26
(0.82)  (0.87)  (0.83)  (0.78)  (0.74)  (0.70)  (0.67)  (0.65)
-22.23 -6.04 -14.47 -21.49 -26.97 -31.24 -34.63 -37.36
3 (3.69) - (0.90)  (L.09)  (1.11)  (1.09)  (1.06)  (1.03)  (1.00)
4 -52.25  -8.37 B -2.91 -7.85 -12.57 -16.65 -20.07 -22.94
(4.94)  (237) (0.79)  (1.05)  (1.14)  (1.16)  (1.15)  (1.14)
5 -68.20 -23.93 -4.01 B -1.58  -4.65 -7.89 -10.89 -13.55
(3.63)  (4.16)  (1.57) (0.66)  (0.94)  (1.05)  (1.10)  (1.12)
6 -75.99 -37.21 -12.35 -2.25 B -0.93  -295 -5.24  -T47
(2.57)  (434)  (2.96)  (1.10) (0.54)  (0.80)  (0.94)  (1.00)
. -80.26 -46.45 -21.06 -7.14 -1.39 B -0.68  -1.97  -3.63
(1.92)  (3.86)  (3.59) (2.13)  (0.81) (0.44)  (0.68)  (0.82)
8 -82.89 -52.75 -28.37 -1280 -4.49 -0.93 B -0.38  -1.37
(1.50)  (3.32)  (3.64) (2.79)  (1.58)  (0.62) (0.37)  (0.59)
9 -84.65 -57.17 -34.11 -18.14 -8.31 -3.02 -0.66 _ -0.26
(1.22)  (2.86)  (3.45)  (3.07)  (2.16)  (1.22)  (0.49) (0.31)
10 -85.90 -60.40 -38.56 -22.76 -12.18 -5.69 -2.13 -0.48 -
(1.02)  (249)  (3.17)  (3.09)  (250)  (1.71)  (0.96)  (0.39)

Table 3.4: Rounded percentage loss in certainty equivalent when the agent invests accord-
ing to an incorrect risk aversion parameter instead of the true risk preference parameter.
Percentage standard errors are reported in parentheses. The data is calculated over 10, 000
simulations. We assume T = 40 with monthly time steps and Wy = 1. Other parameter

values are given in [Table 3.1
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Measured -~y
2 3 4 5 6 7 8 9 10
True ~
5 B -44.53 -74.63 -86.44 -91.64 -94.28 -95.77 -96.69 -97.30
(3.91)  (218)  (1.23)  (0.78)  (0.54)  (0.40)  (0.31)  (0.26)
3 -39.29 7 -22.94 4712 -62.74 -72.37 -78.50 -82.59 -85.44
(6.16) (4.80)  (4.67)  (3.69)  (2.87)  (2.29)  (1.88)  (1.58)
4 -54.13  -2.68 B -15.01 -31.42 -44.65 -54.52 -61.78 -67.19
(4.63)  (5.60) (3.69)  (4.74)  (4.58)  (4.10)  (3.60)  (3.17)
-58.22  -6.43 5.56 -11.02  -22.60 -32.88 -41.41 -48.30
b (3.77)  (7.00)  (3.96) B (272)  (4.03)  (4.42)  (436)  (4.11)
6 -59.35  -7.62 7.75 6.76 - -8.54 -17.18 -25.16 -32.19
(3.28)  (7.17)  (5.78)  (2.79) (2.04)  (3.28)  (3.90)  (4.11)
. -59.46  -7.52 9.48 10.71 6.31 B -6.84 -13.58 -19.90
(2.94)  (6.89)  (6.47)  (4.37)  (2.04) (1.57)  (2.66)  (3.33)
8 -59.19 -6.84 11.14 13.58 10.50 5.54 B -5.60 -11.03
(2.67)  (6.44)  (6.58)  (5.15)  (3.32)  (1.54) (1.24)  (2.17)
9 -58.75  -5.92 12,73 1591  13.62 9.47 4.78 B -4.67
(2.45)  (5.94)  (6.40)  (5.46)  (4.05)  (2.57)  (1.20) (1.00)
10 -58.26  -4.88 14.25 1792 16.12 12.49 8.33 4.11 -
(2.25)  (5.45)  (6.09)  (5.49)  (442)  (3.22)  (2.04)  (0.96)

Table 3.5: Rounded percentage loss in certainty equivalent when the agent invests accord-
ing to an incorrect risk aversion parameter instead of the true risk preference parameter.
Percentage standard errors are reported in parentheses. The data is calculated over 10, 000
simulations. We assume T = 40 with monthly time steps and Wy = 1. Other parameter

values are given in

In contrast to the welfare losses based on the myopic strategy we find that
using an incorrect risk aversion parameter can lead to statistically significant
welfare losses. For the baseline parameters we find that the welfare losses
increase as the measured value of v lies further away from the true value.
Overall we find a similar pattern as we found when using an incorrect risk
aversion parameter in the KNW model: absolute deviations from the true
risk aversion parameter of at most one will in general lead to relatively small
welfare losses, especially if the true risk aversion parameter increases. This can
be explained by the fact that the optimal strategy in [Heston's model is almost
identical to the mean-variance optimal strategy. Hence, the mean-variance
allocation will converge to zero if 7. converges to infinity. Consequently,
a small misestimate will have larger impact on the corresponding portfolio,
for the lowest values of the true risk preference parameter. Furthermore, we
see that an underestimation of the risk preference parameter in general leads
to larger welfare losses than an overestimation. This can be explained by
the fact that underestimations lead to relatively higher convergence from the
true mean-variance demand than overestimations. Hence, welfare losses will
increase more rapidly in these cases.

For the alternative parameters it should be noted that we find some positive
percentages. Although a suboptimal strategy can theoretically never result in a
welfare gain, positive numbers can be found as a consequence of the numerical
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implementation. The optimal strategies in |Heston’s model are extremely close
to each other, especially if 7.4 increases. Hence, the certainty equivalent
of the suboptimal strategy can become larger than the certainty equivalent
of the optimal strategy, due to numerical errors. In most of these case the
certainty equivalents overlap when taking the standard errors into account.
Hence, no statistically significant difference between the welfare losses can be
found, and thus the two strategies can be assumed to be identical. In these
cases it might happen that the welfare loss itself is not significantly different
from zero, taking standard errors into account. This can also be explained
by numerical errors. The welfare losses itself are a non-linear transformation
of the certainty equivalents. Furthermore, the method we use to calculate
the standard errors of the welfare loss provides an approximation of the true
standard errors. Hence, if two strategies are extremely close to each other, we
might find welfare losses that are different from zero although the certainty
equivalents are not different from each other. It should be noted that for the
alternative parameters only positive welfare losses are found if both the true
and measured risk aversion parameter are high. In these cases the strategies
are so close to each other that it is more likely that numerical noise will lead
to wrong outcomes. Furthermore, if the strategies are so close to each other,
it might happen that investing a bit more aggressive than should be done
according to the true risk aversion parameter will benefit the agent. This can be
explained by the non-linear relationship between the simulated terminal wealth
and the calculated values of the certainty equivalents. Since we perform an
ex-post evaluation of the simulated wealth, evaluating the strategies following
from, for example, Yirue = 8 and Vipeasurea = D OnN the basis of . might result
in a higher certainty equivalent for the strategy simulated according v = 5, due
to the fact that the strategies are so close to each other. Overall we conclude
that numerical noise can arise due the fact that the strategies are close to each
other, especially for high values of v, and all non-linear relations underlying
the certainty equivalents.

It should be noted that we do not find positive welfare losses for the baseline
parameters. Hence, we can conclude that the optimal strategies are relatively
more close to each other across different values of + for the alternative param-
eters than for the baseline parameters. A possible explanation for this can be
the different values for the volatility of the stochastic variance between the two
parameter sets. As a consequence of this, the relative importance of the hedge
portfolio in contrast to the mean-variance optimal portfolio will change, for a
given value of . Furthermore, due to the increased volatility in the alterna-
tive parameter set, our numerical implementation of the stochastic volatility
is truncated at zero more often. This can possibly lead to more noise around
the welfare losses presented for the alternative parameters. It should be noted
that we find similar results for the alternative parameters as for the baseline
parameters for most values of yi... Welfare losses increase as the absolute
difference between the true and measure risk aversion parameter increase and

67



underestimations will generally hurt the agent more than overestimations.

We conclude this section by stating that we do not find similar welfare re-
sults for an agent that invests myopically across the KNW and Heston model.
In the KNW model investing myopically will lead to significantly higher welfare
losses than in the Heston model. However, investing according to an inaccu-
rate risk preference parameter will lead to similar welfare losses in the two
models. We thus state that not taking interest rate risk and inflation risk into
account has more consequences than not taking volatility risk into account.
On the other hand, the effects of assuming a wrong risk preference parameter
is approximately constant across the models.
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Chapter 4

CP2022

In 2022 the Commissie Parameters/advised the Dutch government that the
KNW financial market model does not meet the requirements set by the new
Dutch pension law (Ministerie van Sociale Zaken en Werkgelegenheid| |2022a)).
Therefore, the commission proposed a new model to generate the scenario
sets used by pension funds, the CP2022 model. The model provides a better
match with the market prices of risk observed in the real world. Furthermore,
it can fit the nominal and real term structure more accurately (Ministerie
van Sociale Zaken en Werkgelegenheid, [2022al). The CP2022 model builds on
the framework of [Koijen et al. (2010) by providing term structures that are
affine in the state variables. Furthermore, it incorporates stochastic volatility
in the model. The model by |Commissie Parameters (2022) can thus be seen
as a combination of the models by Koijen et al. (2010) and |[Heston| (1993)).
Under the new Dutch pension law, the use of the CP2022 model is mandatory
for the analysis of future financial situations of pension funds (Ministerie van
Sociale Zaken en Werkgelegenheid, |2022b)). However, little information on the
implications of the model is publicly available. For example, no numerical
implementation of the model is published by DNB and no research on optimal
investment in the CP2022 model is available.

Therefore we will provide an analysis of the CP2022 model in the context
of optimal investment. In we will present the financial market.
Similar to the model by Koijen et al. (2010) and Heston| (1993), the original
market is incomplete. However, the CP2022 model contains two untraded
sources of risk: realized inflation risk and volatility risk. Therefore, we will
present the dynamics of an inflation-indexed bond and an asset that trades the
source of risk underlying the stochastic volatility. With the extra assets we
arrive at a complete market setup. In we will show that the model
by (Commissie Parameters| (2022)) allows us to find an analytical expression for
the optimal wealth. However, no analytical optimal strategy can be found on
the basis of currently known techniques. Therefore, it remains to be answered
what the optimal investment strategy in the CP2022 is and what the effects
of neglecting the fundamental risks in the model are for the Dutch pension
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participants. In we will show that modifications of the model can
lead to alternative, possibly near-optimal, analytical investment strategies.
However, numerical implementation of the alternative strategies turns out to
be complex due to the analytical structure of the model. Therefore, we cannot
present the welfare losses of investing according to this alternative strategy.
We choose to present these results as they provide a basis for further research
on optimal investment in the CP2022 model.

There is no information available in the literature on solving Merton/s port-
folio problem in the model of Commissie Parameters| (2022)). However, optimal
investment in a stochastic interest rate and volatility model has been studied
in alternative contexts. Noh and Kim/ (2011) explore the optimal strategy over
an infinite horizon in a framework where the interest rate and volatility are
driven by a Markov process. However, this constitutes a fundamental differ-
ence from the framework in which bond prices are assumed to be exponentially
affine in the state variables. Furthermore, Noh and Kim| (2011)) do not account
for stochastic inflation. |(Chang and Li (2016) provide a framework with affine
short rates. However, also here stochastic inflation is not taken into account.
Overall, we conclude that little information is available on optimal investment
in an affine short rate model with stochastic volatility and inflation. Conse-
quently, there is also no information on welfare analysis in such models.

4.1 Financial market

Commissie Parameters| (2022)) postulates an affine model in which the term
structure is driven by the state vector X7, similar to how [Koijen et al.| (2010)
defined their model. In the KNW model, the nominal short rate and infla-
tion are driven by the state vector. The CP2022 model is characterized by
a modified setup where the nominal short rate and inflation are part of the
state vector. The third state variable is the volatility, which is assumed to be
stochastic. Furthermore, Commissie Parameters| (2022) postulates a stochastic
process for the natural logarithm of the stock and customer price index in the
process X7, whereas Koijen et al.| (2010) models the stock and CPI dynam-
ics directly, without the natural logarithm. The processes X; and X/ can be
combined in the vector X, leading to the following vectors:

Vy

_ Xf 5 __ o _ ln(St)

Xt == [Xf ‘| > Xt == Tt 5 Xt - [ln(Ht> (41)
T

where we thus have X7 € R*! X? € R**! and X; € R°*!. The starting values

vy > 0, 1, and my are provided as estimates in the scenario sets published by

DNB. Furthermore, we assume Sy = IIy = 1 so that In(S;) = In(Il;) = 0.
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Commissie Parameters (2022)) postulates the following dynamics for X;:

K, 0 0 Ev, w 0 0 00 y 0 1
dX; = |K,r K. Ki ( Ere| — Xf) dt+ |oy,, o041 04 0 0 [0 t I —|—1X4F } dZ,
Kwr Krﬂ' K‘rm IEﬂ-oo Ovnr Ox1 Ox2 00 o ‘ i

= K(EXS, — X?)dt + (Do + (X$)10)2dZ,

(4.2)
Here Z; € R>*! is a 5-dimensional vector with independent Brownian motions
and thus Y™ (Ty + (X$):T)2 is the volatility of the state variables, which can
be split up in two parts. (o + (Xf)lF)% can be interpreted as the multidi-
mensional extension of /7 in the model of Heston (1993)). Hence, it models
the stochastic volatility of the vector X;. Consequently, ¥ can be inter-
preted as the volatility of the stochastic volatility. It determines how the
stochastic volatility matrix influences the dynamics of X;. We see that X} is
mean-reverting around its long-run mean EX3 € R3**!  with mean-reversion
speed K € R3*3. Consistent with |Commissie Parameters| (2022), we impose
(i) w > 0, (ii) K and I'; have real positive eigenvalues, (iii) I'; has zero values
outside its diagonal, and (iv) K,,Ev., — %wQ > qﬂ Note that the dynamics
of X/ above impose the following structure of I'y and I':

rozl 0 0“41, r:[ L 0“41 (4.3)

Oux1 Laxa Osx1  Ih

where I;.4 is the 4-dimensional identity matrix. The stochastic volatility
matrix is thus assumed to have an affine structure where I'y represents the
constant coefficient and I' determines how the stochastic volatility enters the
stochastic volatility matrix. Finally, it should be noted that I'; is estimated
as part of the model and thus DNB presents its estimated elements in the
quarterly published scenario sets.

The dynamics of the logarithm of the stock and CPI are as follows:

/ 1
o_ |Tetms| 1 ( os| | v 014 oy ) osl | v O1a|*
dX7 = |:7Tt+777r:| dt =D [U/rj |:04><1 I+ |on a+ on| [Oax1 Lo+ vy 12
— (u° + K°X})dt + £S5y + (X7),T)2dZ,
(4.4)
where ng € R, n € R, 05 € R%! and oy € R>*!. Here D(A) represents the

diagonal of the matrix A as a column vector (Commissie Parameters| 2022)).
Simultaneously with defining the dynamics of X we have thus defined the

8The assumptions K, Eve, — %uﬂ >0 and vy > 0 imply that P(v; > 0) = 1.
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dynamics of p° and K°:

o__|MNs 1 ST STI/
1o = [m] —5D (Z91Tpxs)
(4.5)

o 010 1

h= [0 0 1] — gD (ETTET) 10 0
The goal of ;1 and K is therefore to express the drift term of X in two sep-
arate parts: a part influenced by the state variables and a part not influenced
by the state variables. In line with (Commissie Parameters| (2022) we assume
oma = 0, which is necessary to make the model specification unique. Note
that a similar assumption is needed in the model of Koijen et al.| (2010)). The
CPI defined in links nominal quantities in this economy to real quantities
and thus it fulfills a similar role as the CPI in the KNW model. In the orig-
inal market investments can only be made in nominal assets and thus agents
can only hedge themselves against fluctuations in the nominal economy, which
partly explains the incompleteness of the market. We extend the original mar-
ket with an inflation-indexed bond, so that all random sources influencing the
evolution of InII; can be traded. In combination with the introduction of an
asset that trades the volatility risk, this will lead to a market with as many
assets as risk drivers. In the dual market we lift the trading constraints on
the inflation-indexed bond and volatility linked asset so that all sources of risk
are traded. Finally, it should be noted that only prescribes the dynamics
of the natural logarithm of the stock and CPI. To facilitate further deriva-
tions we choose to also present the dynamics of S; and II; (for derivations see
IAppendix C.1):

dS; = Sy(r: +ns)dt + Syos' (Do + (X)) 2dZ,

(4.6)
dIl, = IL(m, + n,)dt + o (Do + (XP)10)2dZ,

We conclude the introduction of the state variables by presenting the dy-
namics of the complete vector X;, which will facilitate further derivations:

X, = (M + LX,)dt + X(Go + 3. XiG)2dZ, (4.7)

where have defined the following matrices:

KEXZ, ~K 0 e
M:[ Iuo ‘|7 L:[Ko Oziz‘|7 Z:[ESH‘| (48>

and Gy = I'g, G; = I' and G; = 0545 for ¢ > 0. It should be noted that the
reformulation allows the volatility matrix to be written as a function of all
variables in X; rather than only as a function of ;. This will be useful when
defining the bond price dynamics.
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Commissie Parameters| (2022) defines the market price of risk to be affine
in X7, up to division by the stochastic volatility matrix:

Ar = ((To+ (X)D)2) (Ao + Ar X))

((Go + ZXZGi)%)*l(AO + R X)) (4.9)

where Ay € R, Ay € R>3, and Ay = [A; 0542]. We thus can write the
price of risk as a function of X} or as a function of X;. Depending on the
nature of the derivations we will shift between both formg™] The following
constraints are imposed on Ag and Ay:

pICLLy lﬁs}
ZSHAI = 02><3
K% =K +3™A, (4.10)
YAy = —KOEQXE 4+ KEX?,
Al,(1,2) =0
Az =0

where K@ € R3*3 is the mean-reversion speed of X7 under the risk neutral
measure, i.e. the measure described by the Radon-Nikodym derivative that is
driven by A;. E2XS € R**! is defined as the long-run mean of X; under the
same risk neutral measure. Estimates for K¢ and E2X? will be given in the
scenario sets published by the DNB. Hence, all elements of Ay and A; can be
uniquely determined using the constraints in (4.10)).

Next to the stock, the agent can invest in a nominal money market account,
paying the nominal short rate r,. The dynamics of this money market account
are as follows:

dB;

—— =t 4.11

e (4.11)
where By = 1. By virtue of using the money market account as numéraire, we

can define the nominal pricing kernel:

dey’
o7

with ¢2" = 1. We can use the nominal pricing kernel to define the real pricing
kernel as ¢Ff = ¢N11;. In|Appendix C.1|we find that ¢ adheres to the following

19Tn |Chapter 3| we defined the prices of risk to be proportionally related to the stochastic
volatility. However, the price of risk dynamics in the CP2022 model do not follow this
structure. For this reason it turns out in that no analytical investment strategy
can be found.
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dynamics:

R
Cifé = —(ry = m = 0 + on' (Ao + M X7))dt — (A — o' (T + (X)) ?)dZ,
= —Rydt — AdZ,

(4.13)
where ¢ff = 1. We define R, as the instantaneous real short rate and Aff =
Ay — (To + (Xf)lf)%’an as the real pricing kernel.

Next to the money market account and the stock, the agent can invest in
two nominal bonds with different maturities. To find the price dynamics of
the nominal bonds, we rely on the work of Duffie and Kan (1996)). Since the
short rate is described by a parametric Markov diffusion process, the results
of Duffie and Kan (1996) can be utilized. Therefore we know that the price

of a nominal bond maturing at time ¢ 4 7; is an exponentially affine function

N
of the state variables. This price is denoted by PY_ (¢, X}) = EV;}” ]-"t} =

exp (AN<Ti> + BN(ﬂ')/Xf) for i = 1,2 with 7 # 7. By exploiting the mar-
tingale property of ¢ PX_(t,X;) we find the following nominal bond price
dynamics (see [Appendix C.1|for derivations):

dPfy, (t.X})

Pt]iri (t’Xf)

_ (rt + BN (r)' S (Ao + A1X§)>dt + BN(r,)S(To + (X )1 T)2dZ,
(4.14)

The functions AN(7;) € R and BY(r;) € R®**! are defined according to the
following ODE’s:

AN(1;) = BN(1;) (KEX?, — X" Ay) + ;BN(Ti)’E”GOE”’BN(Ti)
4.15)

. 1o (

BN(1) = 5 BN Gy BN (1) — (K 4+ A BN () — [0 1 0]

where we have defined the following matrices:

. . G1 Osx5 Osxs

BN = [BN(TZ) ngg], ETW = [Erw Erw ETWL G = 05><5 G2 05><5

O5><5 05><5 G3
(4.16)
As the ODE’s in involve a matrix Riccati equation, no closed form
solution is available (Polyanin and Zaitsev, 2002). Therefore we have to result
to numerical estimations of the functions AV (7;) and B (7;) in any numerical
implementation of the CP2022 model. Lastly, we know that the payout of a
bond that matures immediately should equal 1. Therefore we have AY(0) = 0

and BN(()) = 03><1.

In the original market, the agent can invest in a nominal stock, nominal
money market account, and two nominal bonds. However, as the market
contains five sources of risk, the original market is incomplete. Therefore, we
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add two assets to the market in which the agent cannot invest. In the dual
market the trading constraints will be lifted so that we arrive at a complete
market setup. The first asset we add to the original market is an inflation-
indexed bond. Since the instantaneous real short rate R; is affine in the state
variables, we can utilize the results of Duffie and Kan| (1996) according to
the same logic we used to derive the price of a nominal bond. Consequently,
we let the price of an inflation-linked bond expiring at time ¢ + 7 be equal

to PE_(t,X}) = IE[??’E] = exp (AR(T) + BR(T)’Xf). It should be noted
that we postulate that the bond prices are a function of X; only and not of
X7. At first, this result is nontrivial. The price of an inflation-linked bond is
determined on the basis of the real pricing kernel. Since the real pricing kernel
is influenced by the CPI, one would expect that the evolution of the inflation-
indexed bond is also influenced by X;. However, in the derivations it turns
out that the elements of B?(7) corresponding to X¢ are zero by construction
(see (C.20])). Therefore it can be concluded that the inflation-indexed bond
is a function of X; only. Finally, it should be noted that we have defined
the rest of the economy in nominal terms. Therefore, we also want to express
the price of the inflation-indexed bond in nominal terms. The nominal price
of the inflation-indexed is defined as follows pﬁT(t, X)) = PR _(t, X)I;. In
IAppendix C.1|{we find the following dynamics of PE_(t, X?):

dPE_(t, X}
AP (¢, XF) = <7“t + (B™(1)'’S" + ofp) (Ao + Ale))dt

PE(,X7) (4.17)

+ ((BRE)E™ + of)(To + (XPhT)? ) dZ;

The functions A%(7) € R and Bf(r) € R3**! are defined according to the
following ODE’s:

AR(T) = BR(T)/(K]EX& — ETF(AO — GOUH)) —+ ;BR(T)/ZTTFGOENT/BR(T)
+ Nre — O'{—[AO

. 1 ~5 ~ ~~ o~ -~
BR(T) — 5BR/Erﬂ'C;Errrzmr/BR o (K/ + Allzrﬂ'/ . 6_{_[GIZTWI)BR<7_)

—ANog—[01 —1)

(4.18)
where we have used the definitions of ¥ and G from and we have
defined the following matrices:

~ on Osx2
BR:[BR(T> O3x2]; on= | og Osx2 (4.19)

on Osxa

We conclude the asset mix by introducing an asset that trades the stochastic
volatility. In the original market the agent cannot invest in this asset, whereas
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the trading constraint are lifted in the dual market. We introduce this asset in
a way similar to the asset in|Section 3.1land thus we introduce O; = h(t, Sy, 1%).

We know that the nominal price of this asset is defined as follows:

N
oy

Ot - E
B

(t, Si, v4) ‘]—"t] (4.20)

Using that ¢NO; is a martingale, we find the following dynamics for O, again
derivations can be found in [Appendix C.1}

40, = (1 Ou + (hsSic + o) (Ao + AuX7) )t (4.21)

+ (hgS,0% + hyo')(To + (X)1T)2dZ,

where o, = [w 000 0]. Hence, o, is the volatility of the stochastic volatility.
We conclude this section by combining all nominal asset in the vector Y; €
R5*! which supports further derivations:

'Pt]‘Y'Tl t, th)
Pt]—\l[-TQ t7 th)

Yi= | P (1, X) (1.22)
St
Oy

The dynamics of Y; are then specified as follows:

where ¥, € R5% represents the time dependent variance-covariance matrix of
the complete financial market:

[ BN(TI)/ZTW
BN(TQ)/ETTF
¥, = |BE(1)Y™ + ofy
s
9sStals+gvon
O
(BN(Tl)/ZMr)l (BN(TI)/E'I‘ﬂ)Q (BN(TI)/E'I‘ﬂ)S 0 0
(BN (12)'2 ) (BY(72)'S™)s (BN (72)'2"™)3 0 0
= (BR(T),ETW)l + 0'1'[71 (BR(T),ETW)Q + Unyg (BR(T),ETW):; + O'H?g 0'114 0'115
051 052 053 05,4 055
hgSioly+hyoy hgSioly+hyoy hgSioly+hyoy hsSioly+hyoy hgSioly+hyoy
(o), (), (), (), (),
(4.24)

Note that 3J; is used for the variance-covariance matrix of the assets, whereas
we defined ¥ in (4.7]) as the volatility matrix of the vector X;.

76



4.2 Portfolio optimization problem

In this section, we present the portfolio optimization problem in the CP2022
model together with the reason why we cannot find an analytical optimal
investment strategy. In the original incomplete market, the agent faces the
following optimization problem:

(WT/HTV”}
L
s.t. th = Wt(Tt + HQZtAt)dt + WtGQthZt

sup E| (4.25)

where 6, € R>! represents an investment strategy in the original market.
Note that the agent is interested in optimizing real terminal wealth, whereas
investments can only be made in nominal assets. Due to the trading constraint
on the inflation-linked bond and O, the optimization problem in cannot
be solved with the Martingale method. Therefore, we try to find the optimal
strategy in the incomplete market via duality theory. Consequently, we want
to solve the optimization problem in the dual market. In the dual market
we have lifted the trading constraint on the inflation-linked bond and O;.
Consequently, we set the price of risk of the untraded Brownian motions equal
to its price of risk in the original market plus the perturbation term ay, in line
with duality theory. Therefore, we postulate that the price of risk in the dual
market looks as follows:

Ar = ((To + (X)D)2) "L (Ao + ALXS + ay)

(Go+32 XiG)H) (Ao + M X, + ar) (4.26)

where a; = [0 0 ay; 0 ass]). The goal is then to set a; such that there are
no investments in the inflation-linked bond and O, so that we have found the
optimal strategy in the primal market. Hence, the perturbation term corre-
sponds to the market price of risk of the unhedgeable risks. As a consequence
of working with the perturbation term in the dual market, the dynamics of
the nominal pricing kernel change accordingly:

IN
dt
N

t

with (%V = 1. Consequently, also the dynamics of the real pricing kernel change
in the dual market. We define the real pricing kernel in the dual market as
oF = pNT1;. Hence, its dynamics can be found similarly to how we derived the
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dynamics of ¢? in [Appendix C.1}

¢R = _(Tt — M — Nz + O-H,(AO + Ale + at))dt
t

— (]Xg — On/(ro + (th)1r)%)dZt (4.28)

— —tht - ]\f/dZt

where ¢ff = 1. We have defined R and AF as the real instantaneous short
rate and real pricing kernel in the dual market, respectively. The modification
of the real pricing kernel in the dual market is prompted by the adjusted
definition of the nominal pricing kernel. However, the modification of the real
instantaneous short rate is less obvious. If the optimization problem would be
performed in nominal terms, the transition from the primal to the dual market
would be entirely defined by the perturbation term. However, we define the
optimization problem in real terms and consequently the real short rate also
changes. Intuitively this can be explained by the fact that an agent cannot
hedge inflation risk in the primal market. Hence, the instantaneous real short
rate should be corrected for this in the dual market.

Now that we have defined all quantities that are related to the use of the
perturbation term in the dual market, we can present the dynamic optimization
problem the agent faces in the dual market if it optimizes real terminal dual
wealth: ~

(Wr/ HTV”}

L

s.t. dW, = Wi(r + 0,(a) Ay dt + Wby (a)'S,dZ,

e E| (4.29)

The budget constraint above specifies the evolution of dual wealth. It is
thus dependent on price of risk particular to the dual market, defined in
. We describe an investment strategy in the dual market with the vector
0;(a) € R>*'. Each element of 6;(a) corresponds to the position in the corre-
sponding asset in Y;. The remainder 1 — Zle 0;+(at) is invested in the money
market account. We stress that the strategy in the dual market depends on
the perturbation term a;. If an optimal perturbation term could be found,
the corresponding investment strategy would lead to the evolution of primal
wealth. However, as will turn out later, we cannot solve the optimization prob-
lem in the dual market and thus we cannot find the optimal wealth process in
the primal market. We can transfer the dynamic optimization problem to the
following static problem:

valf E{(WTl/?TPy)l_W]
s.t. E{(ﬁ?WT} = Wo

(4.30)

If we define the Lagrangian £ with corresponding Lagrange multiplier [, find
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the FOC and rewrite for Wj’i, we find the following expression for optimal
terminal dual wealth:

T % WO N 1_,\/ _1

Wi =—(¢plly )7 (4.31)

gr

where we have defined gy as = E{((ﬁjj\f HT)I_ﬂ. The intermediate steps are
the same as for the KNW model and thus we refer to for further
information on these steps. Since we treat wealth as a traded asset, we can
find the optimal nominal dual wealth at time ¢ by discounting the optimal

terminal nominal wealth with the nominal pricing kernel in the dual market:
Tr* Wo INy—2 ’Y'y;l ~§ =1
Wy = @I E | (Ch) IR (4.52)

We thus need to find an explicit expression for P(t, X;) = E {(Z?)Wvl \.7-}} if
we want to find the optimal wealth dynamics. In[Appendix C.2| we find that we

can rewrite the conditional expectation of interest to the following conditional
expectation under the probability measure QQ, defined by the Radon-Nikodym
derivative & = 92 - = exp {—3 [ X Aods — [§ XodZ, } with A, = ZLAR:

. B ﬁ a1
P<t7Xt>_E (Q;R) K

‘Ft‘| :EQ

(4.33)

Consequently, if we apply the Feynman-Kac theorem to the conditional ex-
pectation under the probability measure Q, we find the following PDE that

/)

P(t, X;) has to satisfy:
(4.34)

In the KNW and Heston model we found a similar PDE that describes the cor-
responding conditional expectation. We have solved the conditional expecta-
tion with the results of Duffie and Kan|(1996) on affine yield models. We could
utilize these results because the PDE’s are affine (quadratic) functions of the
state variables. Therefore, we could utilize the exponentially affine (quadratic)

NI

+ - 1 1~
0= P Py (M + LX) + 5 tr (S(To + (XD P, (S(To + (1)

Sl Ay —lanN e =1 -
—(77 Rt+2772 Af’Af)P—VvP)’(tE(F0+(X§)1F)2Af

functional form for the conditional expectation, which is postulated by [Duffie
and Kan| (1996). However, in the CP2022 model the conditional expectation
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involves the inner product of the real pricing kernel, which looks as follows:

AFAT = (A — (T + (XNT) 2 'on) (A — (T + (X)) 2 om)
= NA, — 200(Ag + M Xy + a) + oy (To + (X))o
= (Ao + M X 4 a) (To 4+ (X)) (Ao + A X, + ay)

— 201 (Ao + M Xy + ay) + o (T + (X)) 1T)on

(4.35)

We thus see that the partial differential equation is dependent on the inverse
of the stochastic variance matrix, i.e. (Uo+ (X;7);I')~!, which is dependent on
the stochastic volatility v;. Consequently, the PDE is not an affine (quadratic)
function of X; and thus we cannot apply the results of Duffie and Kan| (1996]) to
find an analytical solution of the PDE@. We have studied several other meth-
ods that could possibly solve the conditional expectation, for example Laplace
or Fourier transforms or the method of eigenfunction expansions. However,
none of these methods can be applied to find an analytical expression for the
conditional expectation. Furthermore, we have tried to find an analytical ex-
pression for the inverse of the stochastic variance matrix. However, due to
the singularity of I'y we cannot separate I'g from (X});I" when calculating the
inverse of (I'g + (X;)1I')~'. Consequently, we cannot find a method to work
around the dependency of the inverse of the stochastic variance matrix on v;.
Hence, although we did not provide a rigorous proof, we strongly suspect that
it is not possible to analytically solve the conditional expectation that we are
facing.

This belief is further supported by the findings in the literature on Heston['s
stochastic volatility model. In we have assumed that the prices of
risk are proportionally related to the square root of the stochastic variance.
Without this assumption, it is not possible to analytically solve the portfo-
lio optimization problem in [Heston/s stochastic volatility model (Nielsen and
Jonsson, [2015). Within the framework of this thesis, this can be linked directly
to the fact that the conditional expectation in the optimal wealth process can-
not be solved analytically because it is no longer affine in ;. In other words,

the derivations performed in [Appendix B.2| to find an analytical expression

for the conditional expectation, cannot be performed without the assumption
that the prices of risk are proportional to y/v;. The nominal price of risk in
the CP2022 model, given in (4.9)), is clearly not proportional to the stochastic
volatility matrix: it is inversely related to this matrix. As a consequence, also
the real price of risk is not proportionally related to the stochastic volatility
matrix. Hence, we argue that this structure of the price of risk causes the
portfolio optimization problem to be unsolvable.

20Note that the term involving the trace operator in also violates the affine structure
of the PDE since it contains a cubical dependence on the stochastic volatility. We choose to
demonstrate the breakdown of the PDE via the inner product of the pricing kernel because
it directly links to the core of the problem, namely the dependence of the market prices of
risk on the stochastic volatility matrix.
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Since it is not possible to find the dynamics of the optimal wealth Wt*, we
cannot employ the fact that g?)iv V~Vt* is a martingale. Without these dynamics
it is not possible to analytically find an optimal investment strategy in both
the primal and dual market. It should be noted that we do have an analytical
expression for the optimal dual wealth. However, as we cannot specify a dual
optimal investment strategy, we cannot link the dual wealth to primal wealth.

We want to end this section with a note on the HJB method. In the frame-
work of this thesis we have used the Martingale method in combination with
duality theory to solve the optimal investment problem in the incomplete mar-
ket. The HJB approach works in incomplete markets, and thus no artificial
completion of the original market is needed. Consequently, the HJB approach
provides an alternative framework to find the optimal investment strategy in
the original incomplete market. In Hestons stochastic volatility model the
portfolio optimization problem can also not be solved with the HJB method
without the proportionality assumption on the prices of risk (Nielsen and Jons-
son, |2015)). Therefore, we expect that the portfolio optimization problem in the
model of (Commissie Parameters| (2022) is also unsolvable if the HJB method
is used. However, further research is needed to formalize this.

4.3 Possible alternative investment strategies

In the previous section we argued that no analytical optimal investment
strategy can be found in the model of (Commissie Parameters| (2022)). The
goal of this section is to present an estimate for the optimal strategy. We
will do this by adjusting the PDE that we could not solve in [Section 4.2] By
means of an appropriate modification we can apply the results of Duffie and
Kan| (1996) on affine yield models. In [Section 4.2] we define this PDE in the
context of the dual market. If we apply the modification of the PDE in the
dual market to find an estimated dual strategy it will remain unclear what the
corresponding true optimal dual strategy is. As a consequence it will not be
possible to determine the optimal perturbation term and thus the estimated
strategy in the dual market cannot be linked to a strategy in the primal market.
Therefore, we forget about the duality framework in this section. From now
on we assume that we are in a complete market setup. In other words, we
take the market as given in [Section 4.1 without trading constraints. Hence,
we face a market in which no trading constraints on the inflation-linked bond
and Oy exist so that the original market is complete. In this complete market
setup we know that the true the optimal wealth at time ¢ looks as follows:

. W 1t R a1
Wi = oyt E[( Ty m] (4.36)

where the dynamics of I, ¢V, and ¢ are given in (4.6)), (4.12)), and (4.13)),

respectively. Furthermore, we define gr as = E{(¢¥ HT)lfﬂ. We stress that
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we do not use the pricing kernels specific to the dual market in this section.
The primary difficulty in solving the portfolio optimization problem in the

complete market is to find an explicit expression for the conditional expec-

tation in (4.36). We define the true conditional expectation as P(t, X;) =

E [(Zﬁ)wvl |F;|. Following the same line of argument as we did in [Section 4.2
t

for the dual market, we find the following PDE that describes the true value
of P(t, X;) in the new complete market setup:
)

(4.37)
The results of Duffie and Kan| (1996) cannot be applied directly to the PDE
above for two reasons: (i) the inner product of the real pricing kernel is de-
pendent on the inverse of the stochastic volatility matrix and (ii) the term

N|=

. 1 1
0= P+ Py (M + LX) + 5t (z(ro - (XI)1T)2 Py, x, (S(Ty + (X9)1T)

-1 1v—1 -1 1
(TR T AR P = T P ST + (X))

2

involving the trace operator contains a cubical relation with the stochastic
volatility. The affine quadratic structure of the PDE is violated by these two
quantities and thus the PDE needs to be modified so that it becomes an affine
quadratic function in X;. The core of the problems that arise when solving the
portfolio optimization problem in the model of Commissie Parameters (2022)
is the structure of the price of risk. The most elegant solution to make the
PDE affine quadratic would therefore be to modify the price of risk uniformly
across the whole PDE. We stress that this implies the use of a different price
of risk only in the PDE. Hence, we do not alter the rest of the model because
there only are difficulties when solving the PDE. With the right modification,
the inner product of the real pricing kernel can become affine quadratic in
X;. However, such a modification also influences the last part of the PDE
(VT_IP)’QE(FO + (X$)T)2AR). This term measures the correlation between the
state variables and the real pricing kernel. It turns out that no modification of
the price of risk exists that simultaneously forces the inner product of A to
become affine quadratic in X; whilst maintaining the affine quadratic structure
of the correlation term. Once a structure is assumed that fixes the structure
of AF'AR a problem with the correlation term arises. Furthermore, working
with a modified price of risk will not directly solve the cubical dependence of
the trace operator on 14. This cubical dependence is caused by the structure
of the dynamics of X;. However, the structure of these dynamics is indirectly
caused by the structure of the price of risk. Hence, assuming an alternative
form for the pricing kernel will not directly remove the cubital dependence of
the trace operator on v;.

We thus see that a uniform modification of the price of risk does not make
the PDE affine quadratic in X;. Therefore, we propose a different modification
of the PDE. First of all, we do not change the correlation term since it respects
the affine quadratic structure of the PDE. We thus want to find the smallest
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adjustment of the model that makes the inner product of the real pricing
kernel and the trace operator affine quadratic in X;. Therefore we propose a
modification of the stochastic volatility matrix that makes it constant. This
constant matrix will replace the stochastic volatility matrix in both the inner
product and the trace operator. We define G*® below:

G® = (T'y + Evg D) (4.38)

We thus see that G serves as the constant approximation of the stochastic
volatility matrix, where we partly maintain the dependence on v; by assuming
the matrix depends on the long-run mean of the stochastic variance process.
Consequently, we define estimation of the real price of risk that is driven by
G™ as /~\f“:

A= ((G)3) (Ao + M) — (G)2'on (4.39)

Note that in we defined A as the real price of risk in the dual
market. In the complete market setup of this section we define Af as the
real pricing kernel specified by the constant volatility matrix rather than the
stochastic volatility matrix. On the basis of we propose to replace the
inner product A®AF in the PDE with A®’AF. This modification removes the
dependence on the inverse of ;. Consequently, this part of the PDE exhibits
an affine quadratic structure in X;.

Now that we have modified the first term that makes the PDE unsolv-
able, we want to modify the trace term so that also here an affine quadratic
structure in X; can be assumed. Before doing so, we define P(t, X;) as the func-
tional form that solves the modified PDE. If we assume that P(t, X;) is affine
quadratic in X;, we can assume P(t, X;) = exp (fl( )+ B(t)'X, + Xt'é'(t)Xt>
by the results of Duffie and Kan| (1996). Here, A(t) € R, B(t) € R>! and
C(t) € R%5. We know that the derivatives of P(t, X;) are given as follows:

P = P(A() + B(tY X: + X[C(1) X))
Py = P(B(t) +2C(1) X)) (4.40)
Pxx = P((B(t) +2C(1) X:)(B(t) + 2C (1) X;) + 2C(1))

If we replace all entries in the trace operator where the the stochastic volatility
matrix comes back with the constant volatility matrix and impose the affine
quadratic structure on the PDE, we can rewrite the trace term as follows:

tr (S0 + (XE1T)* P (S(To + (XD’ ) =

tr <B’Zé°°2’]§ +AB'SGPY CX, + AX[C'SGY CX, + 22(@@)50(2(60")%)’)
(4.41)

We thus see that the trace operator becomes affine quadratic in X; when using
the constant volatility matrix.
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Because of the explained modifications, the results of Duffie and Kan/ (1996])
can be applied to the modified PDE. We therefore postulate the following
estimated functional form of the conditional expectation:

f

In (C.33) and (C.34) we define the system of ODE’s that describes A(t), B(t)

and C(t). We know that the terminal condition of our true PDE should equal 1,

ie. E {(Zﬁ)vwWE] — 1. Hence, we assume the terminal conditions of P(t, X;)
T

to respect this conditions. We thus assume that A(T) = 0, B(T) = 05, and
C(T) = 0sx5. Note that no closed-form solution is available for the system

P(t.x) =B (G

]—"t] ~exp (A(t) + B(t) X, + X;C()X,)  (4.42)

since it involves a matrix Riccati equation.

With the estimated expression for the conditional expectation we have an
(estimated) SDE for each element of the optimal wealth formula in (4.36)).
Therefore, we can estimate the optimal strategy in the same way as in the
dual market for the KNW model, in Using the estimated value
of the conditional expectation in the wealth formula in allows us to
find estimated dynamics of W;¢Y. We know that the corresponding true
dynamics should be a martingale. However, we rely on an estimation of the
conditional expectation and thus the estimated dynamics of Wy ¢~ will not be
a martingale. Therefore, we modify the dynamics of W/ ¢ in the same way
as we modified the underlying PDE. In other words, we change the dynamics
of W@ on the places where the inner product and the trace operator come
back so that the dynamics become a martingale again. Without this slight
abuse of Ito calculus, W ¢Y is not a martingale and thus no optimal strategy
can be found.

The budget constraint provides an alternative definition of the optimal
wealth so that we can find a second way to describe the dynamics of W;¢.
The budget constraint does not have its origins in the conditional expectation
we estimate in this section and thus [t6 calculus can be applied here directly.
By equating the volatility terms of the expressions of discounted optimal wealth
ultimately we find the following estimated optimal strategy:

~ 1 T _ =1/ \T
0=~ (57) T+ (XD ™ (o + AuX)) + 1 (57) o

+ (=) =T (B +20()X,)

We refer to |[Appendix C.3| for further details on the derivations. Note that the
strategy is defined with a tilde to stress that it is an estimation of the true opti-

mal strategy. We see that the optimal strategy resembles the optimal strategy
in the KNW market since it contains mean-variance optimal demand and two
hedge demands that are equal to the hedge demands in the KNW model. In
contrast to the strategy in the model of Koijen et al.| (2010), the mean-variance
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optimal demand is corrected with the inverse of the stochastic variance matrix,
which can be viewed as a correction of the strategy for the stochastic volatility.
Note that an extra hedge demand caused by the stochastic volatility would be
logical. This term is possibly not captured by the estimation. It is reasonable
to assume that at least the inverse of the variance-covariance matrix of the
assets will enter the true optimal strategy.

The estimated strategy in (4.43)) can be used in the financial market we
defined in [Section 4.1} This leads to estimated values of the optimal terminal
wealth. The expression for optimal wealth in gives a method to di-
rectly simulate the true optimal terminal wealth, without using the estimated
PDE. Consequently, we can compare the welfare generated with the estimated
strategy with the welfare generated with the optimal strategy. However, in
the numerical implementation of the estimated strategy we encounter two nu-
merical problems. The biggest problem is related to the variance-covariance
matrix of the assets, defined in . Note that this matrix depends on a
specification of the asset we added to the market, O,. In the simulations we
have assumed O; = 21, for tractability. In general any asset that respects the
dependence on v; can be chosen. All specifications we have examined do not
solve the problem we will describe. For the parameter estimates in the scenario
sets of the first and second quarter of 2025 we find that the time-dependent
variance-covariance matrix is nearly singular for each time point. Hence, its
inverse converges to infinity, causing the estimated strategy to converge to
infinity. When controlling for this singularity, by for example dividing the in-
verse of the matrix by a factor 1000, the wealth does not blow up in most of
the simulated scenarios. Any other problems are caused by the dependence of
the strategy on the inverse of the stochastic volatility matrix. In some scenar-
ios the simulated volatility converges to zero. We know that (I'g + (X} )J);}
equals ;. Because the volatility matrix is diagonal, its inverse can be found by
taking the inverse of the diagonal elements. In the scenarios where v, converges
to zero, the corresponding element of the inverse of the stochastic volatility
matrix will thus converge to infinity. This causes the estimated strategy to
blow up to infinity.

We thus find an estimated strategy that exhibits a relatively logical struc-
ture, based on the findings in [Chapter 2l However, when numerically imple-
menting the strategy problems arise. The numerical problems are inherent to
the model setup. The inverse of the stochastic volatility matrix will converge
to zero in some scenarios in any numerical implementation. Hence, explosion
of its inverse can always occur. Although the variance-covariance matrix of
the assets depends on O, and the bond maturities, we find the matrix to be
singular for each possible set of bond durations and choice of O;. Therefore,
it seems that also the singularity of this matrix can be seen as a numerical
artefact of the model. The difficulty with the numerical problems is that we
do not know the true optimal strategy and thus we do not know whether the
terms causing the problems come back in the true optimal KNW strategy in
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this form. Hence, it remains unanswered whether the estimated strategy blows
up because of a wrong estimation or because of artifacts of the model.

In summary of this section we conclude that we could not perform a nu-
merical welfare comparison between the true optimal and estimated terminal
wealth. However, we argue that the strategy in and the underlying
modifications made to be model can be studied further, which can possibly
lead to a strategy that can be implemented numerically. Furthermore, other
simulation methods can be studied so that the numerical problems becomes
less persistent. For example, refinements of the Euler schemes can be used.
Therefore, we chose to present the results on the estimated strategy although
we did not calculate the corresponding welfare. In this way, it can serve as the
basis for future research.
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Chapter 5

Conclusion and future research

5.1 Conclusion

We introduced the financial market models of Koijen et al.| (2010)), Heston
(1993), and |Commissie Parameters (2022) with the primary objective of ana-
lyzing the fundamental welfare risks inherent in the risk preference research.
The first crucial question underlying the risk preference research concerns the
welfare effects of using Merton’s mean-variance optimal strategy when the
economy differs from the Black-Scholes financial market. The second risk is
related to the use of CRRA preferences. If the risk preference parameter of an
agent is wrongly measured, a suboptimal strategy will be implemented, leading
to welfare losses. To investigate these welfare effects, we started with finding
the optimal investment strategy in the incomplete markets with the Martin-
gale method. To facilitate the use of the Martingale method, we introduced
duality theory, which is introduced in the literature by Karatzas et al.| (1991),
Cvitanic and Karatzas| (1992), Xu and Shreve (1992), and Kamma; (2023)). The
duality theory allowed the optimal strategy in the model of Koijen et al.| (2010))
and Heston| (1993) to be found without ex-post modifications of the financial
markets. We argue that the combination of the Martingale method and dual-
ity theory proposes a methodological refinement of the existing literature on
portfolio optimization problems in incomplete markets.

Prompted by duality theory, we artificially completed the financial market
of [Koijen et al.| (2010) with an inflation-linked bond in which the agent is not
allowed to invest. Via the dual optimization problem we found the optimal
investment strategy in the incomplete market. Although optimal investment
in related models is studied, the optimal strategy in the model of [Koijen et al.
(2010) was not publicly available, and thus we contribute to literature by
defining the optimal investment strategy in the incomplete KNW market. The
optimal strategy is highly sensitive with respect to the model parameters,
which is in line with the literature on affine yield models, for example by [Balter
et al.| (2021). Independent of the parameters we found extreme allocations to
the two nominal bonds. To investigate the welfare effects of using Merton/s
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mean-variance optimal strategy, we defined two strategies that resemble the
mean-variance optimal strategy. The myopic strategy does not take hedge
demands into account but accounts for time variation in prices of risk, whereas
the static strategy does not account for the time variation in market prices of
risk. The static strategy can thus be seen as a constant myopic strategy. For
both strategies, we find welfare losses statistically significant different from
zero for each value of the risk aversion parameter, independent of the model
parameters. Depending on the suboptimal strategy and parameters, a different
relation with the risk aversion parameter is found. In the worst cases welfare
losses up to 90% can be found. In general, the myopic strategy leads to smaller
welfare losses than the static strategy. Furthermore, welfare losses from the
myopic strategy tend to increase with v, whereas welfare losses from the static
strategy tend to decrease with . With respect to using an incorrect risk
aversion parameter, we find that welfare losses increase if the true value lies
further away from the measured value. For true and measured risk aversion
parameters that are sufficiently close, small welfare losses are found, possibly
not statistically significant different from zero. In general, underestimations
of the true risk preference parameter will lead to higher welfare losses than
overestimations. An overestimation of the true risk preference parameter of at
most two will in general not lead to welfare losses as high as the welfare losses
from myopic/static investment, if the true v is larger than two. On the other
hand, underestimations of size two can lead to large welfare losses.

We artificially completed the financial market model of [Heston (1993) by
adding an additional asset in which the agent is not allowed to invest. This
allowed the optimal investment strategy in the incomplete financial market
to be found via the dual optimization problem. Although the optimization
problem in Heston/s model has been studied in the literature, we argue that
the duality theory proposes a methodological refinement of the methods used
in literature. For example, most papers do not reduce the demand of an ad-
ditional asset to zero. Consequently, these papers present no optimal strategy
in the incomplete market. On the other hand, papers that use a dynamic
programming approach define the optimal strategy in the incomplete market.
However, we argue that the Martingale method in combination with duality
theory is technically less demanding than a dynamic programming method.
We found the optimal allocation to the stock to be non-stochastic but time-
dependent. In general, a small difference between the optimal strategy and
the mean-variance optimal strategy is concluded. Hence, a myopic investor
in the model of Heston| (1993) faces significantly smaller welfare losses than a
myopic investor in the model of [Koijen et al. (2010). An investor that uses
an incorrect risk aversion parameter typically experiences large welfare losses
and a similar pattern as in the KNW model, under the same misspecification
of 4. One notable distinction between the welfare losses arising from using an
incorrect risk aversion parameter in the models of Heston| (1993)) and |Koijen
et al|(2010) is that, in |Heston/s model, a greater fraction of the losses are not
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statistically distinguishable from zero. This especially happens if the true risk
aversion parameter is large and the measured risk aversion parameter is close
to the true value. It can be explained by the fact that the optimal strategies
in [Heston/s model converge to each other more rapidly if v increases than the
optimal strategies in the model of Koijen et al. (2010). This can be explained
by the fact that the mean-variance optimal demand is constant in combination
with the magnitude of the hedge demand being small in the model of [Heston
(1993). Since the mean-variance demand is inversely related to -, strategies
will rapidly converge to each other for high values of the risk aversion parame-
ter, which is not the case in the KNW model. Hence, small misspecifications of
~ typically lead to lower welfare losses in the Heston model than in the KNW
model.

Finally, we studied the portfolio optimization problem of a CRRA investor
that receives utility from terminal wealth in the model of (Commissie Param-
eters (2022). No findings in literature are known on optimal investment in
the model of Commissie Parameters (2022). We argue that, due to the in-
verse dependence of the prices of risk on the stochastic volatility, no optimal
investment strategy can be found analytically on the basis of currently known
techniques. This argument is based on the findings in the model of [Heston
(1993), in which also no optimal strategy could be found if the prices of risk
would have an inverse dependence on the stochastic volatility. Although we
do not expect the portfolio optimization problem to solvable in the model of
Commissie Parameters| (2022), we did not provide a rigorous proof on why the
portfolio optimization problem breaks down. Hence, further research could
possibly lead to different results. We concluded the findings on the CP2022
model with an analytical estimation of the optimal strategy. Although we have
found an estimated optimal strategy, numerical complications arise when im-
plementing the strategy and thus no welfare comparison between the optimal
wealth and the wealth generated by the estimated strategy is performed. We
chose to present the estimated strategy so that the results can serve as a basis
for future research.

5.2 Future research

A key direction for future research emerging from this thesis is the optimal
investment problem within the CP2022 model. First of all, further research
can be conducted on the optimal analytical strategy. Hypothetically, new
techniques that work around the problems we faced in this thesis could be
invented. If not, a mathematical rigorous proof on why the problem cannot
be solved could possibly be found. We suspect that the portfolio optimization
problem also cannot be solved when a dynamic programming method is used,
which can be investigated in future research. Also outside the context of the
optimal analytical strategy, the CP2022 model could be analyzed further. We
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presented an analytical estimation of the optimal strategy, which could not
be implemented due to numerical problems. In the first place, the numerical
problems with the current strategy can possibly be solved. For example by a
refinement of the implementation of the continuous processes. Secondly, alter-
native estimated strategies can be postulated. If a numerical implementation
then turns out to be possible, the generated welfare can be compared with the
true optimal welfare. Outside the context of analytically estimating the opti-
mal strategy, an algorithm that numerically finds the optimal strategy could
be created. Lastly, one could adjust the CP2022 model and consequently set
up a new model in which stochastic interest rates, inflation, and volatility are
taken into account. If an alternative but related model could be found such
that the portfolio problem in this new model can be solved analytically, one
could perform welfare analysis in this alternative model.

Finally, we focused on an agent that receives utility from terminal wealth
alone. A more comprehensive version of the problem can be studied. For
example, consumption can be added to the problem. Furthermore, reference
levels could be imposed or stochastic processes for labor income can be as-
sumed, similar to the research of Bodie et al.| (1992)) or |Cocco et al. (2005).
In this thesis we assume the use of CRRA preferences. The effects of different
utility functions in the models of |Koijen et al.| (2010]) and Heston| (1993)) could
also provide relevant insights. For example, [Yang and Pelsser (2023) compare
the investment strategy in [Heston’s model based on CRRA preferences and
SAHARA preferences.
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Appendix A

Stochastic interest rate

A.1 Financial market

We define the real pricing kernel as ¢f* = ¢TI, and d[ X, Y]; as the quadratic
covariation between X and Y, i.e. d[X, Y], = limas—o X5-0( Xy, —X;) (Ve —
Y;). An application of It6’s Lemma yields:

dof _ ¢Ydll,  ILdeY  d[oM, 11,

Q#% iVHt z{,VHt iVHt
dITy d@{\[ /
= — + — o A dt
11, o o (A1)

== —Ttdt -+ Wtdt — O'{-[Atdt — A;dZt + O'{—IdZt
= —(Tt — T+ O'{-[At)dt — (A; — O'{—I)dZt

To derive the price dynamics of a nominal bond maturing at time 7;, we de-

N
note the price by P = PY_ (¢, X;) = EV;T\,” ‘ft} = exp (AN(TZ') + BN(Ti),Xt).
v t
To support further derivations, we first calculate the derivatives of P. Note
that the time to maturity 7; decreases as t increases so that the time derivative

of P takes a negative sign when expressed as function of 7;.

P = P(—AN(TZ') — BN(Ti),Xt)
Py = PBN (%) (A.2)
Pxx = PBN(Ti)BN(Ti)/
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Then we can use the derivatives in to derive the dynamics of Pﬁn_ (t, Xy):
PN, (t, X)) = dexp (AY(r;) + BN () X,)
= Pdt + PydX,; + ;PXXd[X, X, + ;Pd[t, t]; + Pxd[ X, 1],
= Pdt + Py (—KxX,dt + $xdZ;) + ;ZXPXXE’th

. 1
= (P — P)/(KXXt + §tr(2XPXXE’X))dt + P)/(Edet
=P (t, X){(-AN(r) — BN(n)' X, — BN (1;) Kx X,
1
+ §BN(TZ-)'EXE’XBN(T,-))dt + BN(1,))SxdZ,}
(A.3)
where we have used that tr(Xx BY (7)) BY ()Y ) = BN (1) Sx X% BY(1;) by
the properties of the trace operator and the fact that BY (7;)Sx X5 BN () € R.

Then, by FTAP we know that the product of the pricing kernel and the bond

price must be a martingale (Schumacher, 2020). Therefore, we determine the
dynamics of ¢ PN (t, X):

d(biVPt{VFTZ (t7 Xt) = (Zﬁivdpt{vk‘rz <t7 Xt) + Pt{VH'i (t7 Xt)d¢iv + d[(/bivu Pt]XTi (ta Xt)]t
= ¢y P{(—AN(m;) — BN(r,) X, — BN (;) Kx X,
1
- iBN(Ti)’EXZ/XBN(Ti))dt + BN(1))SxdZ,}
+ NP (—rdt — NidZ,) — N PBN (1) Sx Aydt
= ¢y PN, (t, X){(—AY(m:) — BN(1:)' X, — BN (1) Kx X,
1
+ 5BN(Ti)’zxz’XBN(Ti) — 71y — BN (1) Sx Ay dt
+ (BN (1) Sx — A\})dZ,}
(A.4)

By applying the Martingale property of the process in (A.4), we find the fol-
lowing PDE that bond prices must satisfy:

0= (~A¥(r) — BY(r) X)) ~ BY(r) Kx X, + 5 BY(r)Sx Dy BY ()

(A.5)
— (0o, 4 07, X3) — BY(1,)'Sx (Ao + A1 Xy)

We can split the PDE in in two parts: a stochastic part depending on

X; and a non-stochastic part that is independent of X; (Draper, 2012). As

both parts should equate to zero, we find the following two ODE’s that fully

describe the bond price:

2 (A.6)

AN(7) = =89 + LB (1) S5 BY (r3) — BY (1) Sx Ao
BN(1;) = =61, — (K + N\¥%)BY ()
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Koijen et al.| (2010), Draper| (2012)) and Kamma and Pelsser| (2022) show,
among others, that the ODE’s in (A.6|) obey the following solution:

AN(7;) = /Ti AN (s)ds
0
BY(ri) = (K + N X))~ {exp(= (K + A {Zx)7) — Tasa} 01,

(A7)

Finally, combining the SDE of PtZXn (t, X;) from (A.3) with the definitions of
AN(1;) and BN (r;) from (A.6)) lead to the full specification of the nominal bond
price dynamics:

d‘Pt]-l\/:ﬂ (t7 Xt)

P = AN~ B X BY ) KX,

1
+ iBN(T,-)’EXE’XBN(Ti)}dt + BN (1,)'SxdZ,
1
= {00, — iBN(Ti)/EXES(BN<Ti) + BN (1) Sx Ao (A.8)
— (=01, — (K% + N2 BY (1) X, — BN (1) Kx X,
1
- §BN(TZ-)’2X2’XBN(E)}dt + BN(1;)SxdZ,
= (re+ BY(n)SxAy) dt + BN (1) SxdZ,

As Xy = {O 0} ’, we have P (0, X) = exp (AN(T,-) + BN(TZ')/X0> = exp(AN (7).
To derive the dynamics of the inflation-linked bond maturing at time 7 we

follow a similar procedure as for the nominal bonds. By the Duffie and Kan

(1996)) results on affine yield models we know that the functional form of the

bond price is given by P% _(t,X;) = E{dﬁg .7-}} = exp (AR(TZ') - BR(Ti)/Xt>.
Hence, the dynamics of P2 _(¢, X;) follow a similar structure as the dynamics of
Pﬁﬁ_ (t, X;) in . Note however that this expresses the price of the inflation-
linked bond in real terms. As the rest of the economy is defined in nominal
terms, we also would like to express the price of the inflation-linked bond in
nominal terms. Therefore we are interested in PE_(t, X;) = PE_(t, X,)II,. To
arrive at the dynamics of P2 _(t, X;) we first find the dynamics of PE_(t, X).

To this end, we start with deriving the dynamics of ¢fP% (¢, X;). If we now

99



let P = Pf _(t,X;) we find the following dynamics:

Ao Pl (t, X;) = ¢ dPL (t, Xy) + P (t, X0)dof + dof, PR (t, X)),
=¢fP{(— 1%(r) = BR(r) X, — BY(7) Kx X,

- BR(T) Yx ¥y BE(7))dt + B¥(7)'SxdZ;}

+ ¢f‘P (~Rudt — AR’dZt) SRPBR(rYSxARdt  (A.9)
- ¢f PE_(t, X){(—A%(r) = BR(7)'X, — B¥(7)Kx X,
(7

VExY B (1) — R, — BE(1)Sx A)dt
(BR( )'Ex — A{")dZ,}
Exploiting the Martingale property of (A.9) leads to the following PDE:
. . 1
0= (—A"(r) — BR(7)X,) — BR(7) Kx X; + §BR(T)’EXE’XBR(T)
— (RQR + RII,RXt) — BR(T)/ZX(AO — o + AlXt)

(A.10)

This PDE can be split in a stochastic and non stochastic term, leading to the
ODE’s that describe A%(7) and Bf(7):

{AR(T> = —Ror+ ;BR(T)/EXE,XBR(T) — B*(7)"Sx (Ao — om) (A.11)

B(1) = —Rip — (K + N Xx)B(7)

Similar to the ODE’s describing nominal bond prices, the ODE’s in ({A.11))
obey the following solution:

{ (7) / AR (s)ds (A12)

BR(1) = (K% + A[X%) 7 {exp(— (K% + A\ S5)7) — Lowo} Rig

Combining (A.3) and (A.11]) leads to the price dynamics of an inflation-linked
bond:

D) (%) - BU(rX, - B KX,
+ ;BR(T)/EXZ/XBR(T)}CH + BE(1)SxdZ,
={Ror - ;BR(T)'ZXZ'XBR(T) +BH(1)Sx (Ao —om) (A.13)
— (=Ryr — (Kx + A{XY) B (7)) X, — B(r) Kx X,
+ ;BR(T)’EXZ’XBR(T)}dt + BE(1)SxdZ,

= (R + B (r)SxAf) dt + B (1) SxdZ,;
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As Xy = [O 0] " we have Pf(0, X,) = exp (AR(T) + BR(T)/X()) = exp(Af(7)).
Finally, we would like to find the dynamics of PR _(t, X,) = PR _(t, X,)II,.
An application of [t6’s Lemma yields:

APl (t, X)) _ PR XydlL, | TLdPR (¢ Xy) | d[PEL (8 X), T,
PR.(t,X,) PRt X)W, — PA(t, X)L P (t, XTI
dll, | dP1 (LX) | nro
= + g + B (1) X xondt
Ht Ptlj-T<t7Xt) ( ) A
— (Rt + BE(r)YSx AR + 7+ BR(T)'EXUH) dt
+ (BR(7)Sx + ofy) dZ,

= (re+ BR(7)Sx A+ ofAy) dt + (B (7)'Sx + ofy) dZ,
(A.14)

A.2 Portfolio optimization problem

~ IR -1
To find an explicit representation of P(t,X;) = E {(zg)ku‘t] we start
t

with deriving the dynamics of (gz;f{)%

oyl -1 - 1~ —1 =y, .
d<¢ﬁ>'y=:”,y<¢f>‘~d¢f (3T dgr, oF
1 - _1 ~p o~ ~R% Ry 17_

=168 (~ o Rudt — fAdet)—§ .

-1 y—1- 1~
R+ =
~(61) 7 ( i

1, ~p 2=t~ gy
(&) 7 AAdt

AR - T Az,

! (A.15)
Then we would like to find an expression for (qgf)%l, and thus we start by
finding the dynamics of log(ngf)%l

dlog(df) = = ———d(d)= - S ——a |60, (6
AN Gl
SRy S ik VL VY i V7

(A.16)
By integrating the SDE above we find the following for log(&f)%

S D
log(6)7 = [ =2 R S ARADs - [T Aaz, (A7)
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where we have used that ¢f = 1 and therefore log(éé%)%l = 0. Hence we

obtain the subsequent for (gz;f“)%l
TRy =L <Ry 2=t
(615" = exp {log(3f) 7'}

R R PV SO by 1
:exp{ / (TR T T RRARYgs - / 7Afb'dzs}
0 ol 2 v 0

TR —1
Consequently, note that (d)—ﬁ)% reads as follows:
t

B 2 T y—1. 1y—1:p- T 1.
(ZL)5" = exp { [ =R+ S AATds - [ TSRz,
t 2 v t ol

t v
(A.19)
Then, inspired by [Kamma and Pelsser| (2022), we define the Radon-Nikodym
derivative & = %m = exp{—%fg M ods — [3 )\'SdZS} where \; = VT_lAf.

With this Radon-Nikodym derivative we can rewrite our conditional expecta-
tion of interest to an expectation under the EMM described by &;:

. B ﬁL—I
P(t, X)) = E <¢~Sﬁ> 7

F;| :EQ

v—1= ILy—=1+psr
F(t, X;) = R+ - AYA
(6. X) = 2 R oA

A.
27 LR — o) (Bo — om) A2y

8
—1- —1 - '
+ <7R1,R + 772 A (A — UH)) Xy
1
2

We thus see that P(t,Xt) is the conditional expectation of an exponential
function that is affine quadratic in the state variables. Conceptually this corre-
sponds to the conditional expectation that Duffie and Kan| (1996) solve when
deriving the bond prices in an affine yield factor model. Therefore we pos-
tulate that P(t, X;) = exp (A(t) + B(t) X, —|—Xt’C~'(t)Xt), where A(t) € R,
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B(t) € R*! and C(t) € R**2. For a detailed discussion on the derivations of
this functional form of the conditional expectation we refer to Chapter 2 and 3
of Duffie and Kan/ (1996). Applying the Feynman-Kac theorem to our expec-
tation of interest under Q in (A.20)), we find the following PDE that P(t, X;)
has to satisfy:

—1-0h - p = 1
AR P Ps A =0
(A.22)
If we let P = P(t, X,) = exp (A(t) + B(t)'X, + X;C(t)X,), we know that its
derivatives are as follows:

X ~ 1 ~ v ~

P = P(A(t) + Bit) X, + X|C() X,)
Py = P(B(t) + 2C(1)X,) (A.23)
Pxx = P((B(t) +2C(t)X,)(B(t) + 2C(1) X,)' + 2C(t))

Plugging these derivatives in the PDE from (A.22)) leads to the following:

0= A(t) + BtYX, + X.C()X, — (B +20X,) K« X,

+ ; ( )+ 200X (B(1) + 20(6) X,) + 20@:))
(7 (ROR+R rXt) + ;7;1(]\0 —0H+/~\1Xt)/(1~\0—0r[+/N\1Xt)>
v

- T (B(t) +2C (1) X1) Ex (Ao — o + A X))
(A.24)

We can separate the PDE above in three parts: a term independent of X;, a
term affine in X; and a term that is affine quadratic in X;. Since all three

parts should equate to Zero, we can simplify the PDE above to a system of
ODE’s describing A(t), B(t) and C(t):

. — 1. 1. 3 1.
A(t) = =B Sx (R = ow) = 5 BO'B() = w(C(W) + T Ro.s
1~ —
+§7 2 (AO—UH) (Ao—dn)
~ —].~/ ’ ’ ~ ~ _1 =~ I
B(t) = (%AlEX + Ky — 20(25)’) B(t) + QTC(t),EX(AO — o)
v—1 ~ vy—1+/ ~
+ TRLR + 71\1(/\0 — om)
~ ’ —1-, ~ 1 -1~ -
C(t)=2 (KX + Fy’yAIEX> C(t) —2C(t)'C(t) + 2772 A A

(A.25)

By combining (2.29)) and ([2.30]) we know that E [(ig)tw.ﬂ} = 1 and thus we
T

find the terminal conditions A(T") = 0, B(T') = 091 and C(T) = 02x2. Note
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that no closed form solution for the system is avalilable.
To derive the dynamics of W¢Y = %(gbf)l*?f’(t, X;), we first derive the

dynamics of P(t, X;) = exp (A(t) + B(t)'X, + X{C’(t)Xt):

dP(t, X,) = Pdt + PxdX, + 2PXXd[X X,

= P(t, X){A(t) + B(t)X, + X|CX,

+ iy ((B(t) L 20X, (Bt) + 20X,) + 2@(@)

— (B(t) +20(t) X)) Kx X, Ydt + P(t, X,)(B(t) + 2C(t) X,)' S xdZ,
(A.26)

where we have used that X x>’y = I5.5. Then by combining (A.15]) and -
we find the following dynamics of W*gbt :

(]

AW = d—(qst )’ Pt X))

EVT“ ((@)dm X))+ PU X)) T +d[ (60 P, X))

oG P X (A0 + By X + XX,

- (B(t) +2C(1)X,) Kx X, + ;tr ((B(t) +2C(1)X,)(B(t) +2C(1) X,

-1 1

+2C(t)) — (

v—1 = ~ TR
— (B +20()X,) EXAt)dt

B ) / Y I+ /
+ ((B(t) +20()X) Sy — AT )dzt

=W (B0 + 200X B — LA )az

(A.27)
where We have used (A.24) to cancel the drift term and the fact that W ¢ =
(3 P(t, X.). ~

Then we find a second way to describe W/ ¢, based on the dynamic budget
constraint. Note that the budget constraint reads as follows:

AW} = Wi (ry + 07 (a) SA)dt + W; 60! (a) ©dZ, (A.28)
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Hence, we find the following alternative dynamics of W;¢N:
AWy ¢ = Wid + ¢ dW; + d[W;, )
= Wy (—rdt — AdZy) + Wy gy <(7~t +0; (a) SA,)dt + é;(@’zdzt)
— W N7 (a) LAdt
= Wt*ﬁgiv(é:(a)lz - A;)dZt
(A.29)

By equating the volatility terms in (A.27) and (A.29), we arrive at the
following equation that defines the optimal investment strategy in the dual
market:

_ ~ 1. , ~
(B(t) +2C(1) X,)'Sx — VVAE’ = 0:(a)S - A, (A.30)
We therefore have the following optimal strategy in the dual market:
7 ’ Blt 26’111: 201215 X1y / Y=1lsr i -1
0;(a) = S e P = ’ I 0 ——AY+A )X
t< ) (([thl l2021,t 2022,t X2,t [ 2 2X2] Y ! !

~ ~ ~ /
By +2C1 X1, + 2C12, X0,

Boy + 2C5 : X1 4 + 2Co9 X 1, -1
_ 94 + 2091 1. X714 + 209, Xy +At+77 o -1

0 ¥
0
1- 1 ~
= CAn T Ty At X, S
Y Y
) ) ) (A.31)
@m + 2C~’11,tX1,t + 2C~’12,tX2,t
where H(t,X;) = Bae 2021’tX5’t 205X . Taking the transpose of all
0
entities in (A.31)) leads to optimal strategy in the dual market:
~ / 1 T ~ —1 T T ~
i) = (57) A+ 77 (57 ou+(37) AEX)  (A32)
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Figure A.1: Comparison of the optimal strategy in the KNW model between different values
of ~ for the alternative parameters. The average allocations to the stock and two nominal
bonds over 10,000 simulations of the optimal investment strategy are shown in thick lines.
The 90% percentile range is shown in the shaded areas. We assume T' = 40 with monthly
time steps in the simulations. Furthermore, 7, = 1, 2 = 5, 7 = 5, and Wy = 1. Other

parameter values are given in [ITable 2.2
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Figure A.2: Comparison of the optimal strategy in the KNW model between different values
of 7y for the baseline parameters. The average allocations to the stock and two nominal bonds
over 10,000 simulations of the optimal investment strategy are shown in thick lines. The
90% percentile range is shown in the shaded areas. We assume T = 40 with monthly time

steps in the simulations.
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A.4 Welfare analysis

0% 2 3 4 5 6 7 8 9 10

57.82 1849 10.60 7.59 6.06 5.16 4.56 4.15 3.84
(3.50)  (1.26) (0.66) (0.42) (0.30) (0.22) (0.18) (0.15) (0.12)
45.36 13.29  7.40 5.19 4.05 3.37 2.90 2.56 2.31
(2.24)  (0.63) (0.28) (0.16) (0.11) (0.08) (0.07) (0.07) (0.07)
5.33 3.29 2.57 2.19 1.94 1.76 1.61 1.50 1.40
(0.12)  (0.07) (0.06) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
9.34 4.92 3.59 2.98 2.63 2.41 2.25 2.14 2.05
(0.28)  (0.18) (0.14) (0.11) (0.09) (0.08) (0.07) (0.06)  (0.05)
8.32 4.04 2.73 2.08 1.68 1.41 1.21 1.06 0.95
(0.21)  (0.10)  (0.07) (0.06) (0.06) (0.06) (0.06) (0.05) (0.05)
3.04 2.11 1.66 1.37 1.15 0.98 0.84 0.75 0.67
(0.04)  (0.03) (0.03) (0.04) (0.05) (0.05) (0.05) (0.05) (0.05)

CE KNW baseline

CE myopic baseline

CE static baseline

CE KNW alternative

CE myopic alternative

CE static alternative

Table A.1: Rounded certainty equivalents underlying the welfare losses presented in
The baseline parameters can be found in the alternative parameters in
Standard errors are reported in parentheses. The data is calculated over 10, 000
simulations. We assume T" = 40 with monthly time steps in the simulations, Wy =1, 1y =1,
T =5, and 7 = 5.

True Measured v | 3 4 5 6 7 8 9 10
) 4634 2958 2026 1504 1189 9.84 844 7.42
(1.07)  (0.42) (0.21) (0.12) (0.08) (0.06) (0.04) (0.04)

; 942 1711 1407 1158 976 844 746 6.71
(1.80) (0.50)  (0.23) (0.13) (0.08) (0.06) (0.04) (0.03)

A 299 870 1017 916 817 7.33 6.66 6.11
(0.64) (1.11) (0.33)  (0.17)  (0.10)  (0.07) (0.05)  (0.04)

; 152 500 705 738 693 644 599 5.9
(0.29)  (0.73)  (0.66) (0.24)  (0.14)  (0.09) (0.06)  (0.05)

; 1.00 340 511 58 594 560 542 515
(0.17)  (0.48) (0.55)  (0.44) (0.19)  (0.12) (0.08) (0.06)

- 0.75 258 399 476 510 508 493 475
(0.11)  (0.34) (0.43) (0.40)  (0.31) (0.16)  (0.11)  (0.08)

. 0.60 211 330 401 439 455 451 441
(0.08) (0.25) (0.34) (0.34) (0.30)  (0.24) (0.13)  (0.10)

o 0.52 181 285 350 387 407 415 410
(0.06) (0.20) (0.28) (0.29) (0.27)  (0.23)  (0.19) (0.11)

" 046 1.60 253 313 349 370 381 385

(0.05) (0.16) (0.23) (0.25) (0.24) (0.22) (0.19) (0.15)

Table A.2: Rounded certainty equivalents when an agent invests according to the measured
v, whereas the utility is evaluated on the basis of the true . The welfare losses in
can be calculated when combining this table with the certainty equivalents for the baseline
KNW strategy in The data is calculated over 10,000 simulations. We assume
T = 40 with monthly time steps in the simulations, Wy =1, m; = 1, » = 5, and 7 = 5.

Other parameter values are given in
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True 5 Measured v |, 3 4 5 6 7 8 9 10
) 808 630 513 437 385 348 320 299
(0.11)  (0.06) (0.03) (0.02) (0.02) (0.01) (0.01) (0.01)
; 296 474 426 382 348 322 301 284
(0.48) (0.07) (0.04) (0.02) (0.02) (0.01) (0.01) (0.01)
A 1.03 294 356 338 317 299 284 271
(0.24)  (0.31) (0.06) (0.03) (0.02) (0.02) (0.01) (0.01)
- 0.52 180 269 298 290 279 268 258
(0.11)  (0.27)  (0.21) (0.06) (0.03) (0.02) (0.02) (0.01)
0.33 123 203 247 264 2.60 254 247
6 (0.06) (0.19) (0.22)  (0.16) - (0.05)  (0.03) (0.02) (0.02)
; 0.25 093 159 206 231 242 240 2.36
(0.04) (0.13) (0.19) (0.17) (0.12) (0.05)  (0.03)  (0.02)
) 020 075 132 175 203 219 227 226
(0.03) (0.10) (0.15) (0.16) (0.14) (0.10) (0.04)  (0.03)
017 064 113 152 1.80 1.99  2.09 2.15
J (0.02) (0.07) (0.12) (0.14) (0.14) (0.11)  (0.09) - (0.04)
0 015 057 100 136 1.63 18 194 201
(0.02) (0.06) (0.10) (0.12) (0.13) (0.12) (0.10)  (0.07)

Table A.3: Rounded certainty equivalents when an agent invests according to the measured
v, whereas the utility is evaluated on the basis of the true . The welfare losses in
can be calculated when combining this table with the certainty equivalents for the alternative
KNW strategy in The data is calculated over 10,000 simulations. We assume
T = 40 with monthly time steps in the simulations, Wy =1, m; = 1, . = 5, and 7 = 5.

Other parameter values are given in

108



Appendix B

Stochastic volatility

B.1 Financial market

To find the dynamics of O, = h(t,S;, 1), we first apply 1t6’s Lemma to
h(t, St, I/t)I

. 1 1
dOt = hdt —|— hSdSt + thVt + §hSSd[S, S]t + §h,/yd[l/, V]t + hSVd[S, I/]t
= hdt + hS(ILLtStdt + \/ZStdZtl)
_ 1
+ hy, k(U — vy)dt + /vy (pdZ} + /1 — p2dZ7)) + ihgsutSfdt
1
+ ihwézl/tdt + hSV(SVtStpdt
. 1 1
= (h + hSMtSt + h,//‘{(lj — Vt) + §VthSSSt2 + §Vthwj(52 + hSVCSVtStp> dt

+ ha /U SidZ} + h,6\/vi(pdZ} + /1 — p2dZ})
(B.1)
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We can simplify (B.1)) by using the martingale property of ¢,0;. Hence, we
first have to find the dynamics of ¢,0O;:

dprOy = $dOy + Opdpy + d[p, O],

. 1 1
= ¢, ((h + hsp Sy + hyk(v — 1) + §l/th558t2 + 5”thyy52 + hgl,éytStp) dt

+ hs /S dZE + hy6\ /vy (pdZ} + Mde))
+Ou( = urdt = ou(mTdZ} + mTdZ?)
- ¢t((hsst + huSp)mue + hyaﬂmyt> dt
= ¢ (h + hspeSy + hyw(v — 1) + ;ythSSStQ + ;Vthw52 + hs,0vSyp
— Oyr — (hsSy + hop)muyy — h,04/1 — p27’]21/t> dt
+ 0 (hg\/u_tStdZtl + 0 (pdZE + 1 — p2dz2)

— Ou(my/mdZ, + 772\/7tdZt2)>
(B.2)
Since ¢;O; should be a martingale by FTAP, we know that its drift term should
equate to zero. Using this, we can simplify to the following:

dOt = <T0t + (hSSt + hyfsp)Tth + hy(SMUQVt) dt

(B.3)
+ \/7t<(hSSt + hytsp)dZtl + hV(SMdZt?)

B.2 Portfolio optimization problem

y—1

To derive an explicit expression for P(t,1;) = E l(i)”

]:tl we start

l

with deriving the dynamics of (¢;) "7

4305 =T G b= 5 o @) b
= TG0 (= dwrdt = G Z) + /D))
— 3 @) (o + e (B.4)
— @7 (2 ; R AR UL

— (g2 . (mﬁtdztl 4 ﬁQ,tWtdZE)
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Similar to [Appendix A.2{ we would like to ﬁnd an expression for (¢t) . We

can do so by finding the dynamics of log(gzﬁt) 7, integrating these dynamics and
taking the exponential of the last found equation. As this procedure coincides
with the steps taken in |Append1x A.2l we choose to not show the step by step

derivations. We find that (gbt)% reads as follows:

(&t)ww_lzexp{/ot—<7;1 +;7;1(771+7725)1/8)d3—/ AdZ}
(B.5)

Consequently, note that ( )77_1 reads as follows:

Or 2=t /T ('y—l Ly=1 4o ) 7—1/T~,

05 = - - )ds— — [ Aldz,

(¢t) eXP{t ~ +2 ~ (m +7I2,5)V S ~ s
(B.6)

To show that P(t,1,) is the conditional expectation under a specific measure of

S\x‘%‘*

an exponentially affine function of the stochastic variance, we define the Radon-
Nikodym derivative & = dPIf = exp{—%jg M gds — [3 Xsts} where \; =
TlAt. With this Radon-Nikodym derivative we can rewrite our conditional
expectation of interest to an expectation under the EMM described by &:

N B (%)
P(t,X;) =E [(1 T

T 7—1 1v—1
:EQlexp{—/t ( 5 —1-5 ’}/ (771—1-7725) Vs | dsp |1y

Hence, we see that IS(t, 1) is an exponentially affine function of the stochas-

ér
Vi

)5 ]:t] — @

(B.7)

tic variance v4. Since the dynamics of v; in are described by a uni-
variate Markov diffusion process, our conditional expectation of interest is
conceptually the same as the conditional expectation that Duffie and Kan
(1996) solve when determining yield curves. Therefore we postulate that
P(t,1;) = exp <f1(t) + B(t)yt), where A(t) € R and B(t) € R. Note that
without the assumption that the prices of risk are proportional to the square
root of the stochastic variance process, the conditional expectation under Q
above would not have been affine in the state variables. Consequently, it would
not be possible to find an analytical expression for our conditional expectation
of interest without this assumption. As a consequence of the results by Duffie

and Kan (1996), we can apply the Feynman-Kac theorem to our expectation
under Q in (B.7). We then find the following PDE that describes A(t) and
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B 1.
0=P+ Pk(v—1)+ iPy,,ézut —

1 L
i ; v (pm + /1 — p*iar) P,

We know that the derivatives of P(t,1;) look as follows:

v—1 Iv—1
( T+ =
2 4?2

(77% + ﬁg,t)Vt)P

P = P(t, ) (A(t) + é(t)yt)
P, = P(t,1,)B(1) (B.9)
P,, = P(t,1;)B(t)*

Plugging these derivatives in the PDE from (B.8) and separating the terms
multiplied by 14 from the terms not multiplied by v;, we find the following two
ODE’s that describe A(t) and B(t):

Aty = —wiB(t) + 14

S
3 1 .~ —1 -
B(t) =~ B(t) + (m + 776(0771 41— p2ﬁ2,t>)3<t) (B.10)
1yv—-1 _
Ty (i +1715,)

By combining (3.18) and (3.19)) we know that E{({g)ww_l Ft} = 1 and thus we
find the terminal conditions A(T) = B(T) = 0. A(t) and B(t) have a closed
form solution which we present in [Proposition 3.1 and , respectively.

To derive the dynamics of W, ¢, = %(q@t)%lf’(t, 1), we first derive the
dynamics of P(t,1):

dP(t,v,) = Pdt + Bydv, +

(B.11)

= Pt (A() + Blow+ BORE - v) + ;B(t)%s?yt) dt

+ P(t, 1) B(t)S\/vi(pdZ} + \J1 — p*dZ})
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Then by using (B.4)) and (B.11) we can find the dynamics of Wt*ét:

)

= ‘;[;b(ggﬁw"/l}s(t, vt) ((A(t) + é(t)l/t + B(t)/f(ﬂ — )+ ;B(t)z(SQVt

] 1 _
Py B oo L= ) )i

5
5 7-1 1 5 5 Y —1 2
+ [ B(t)op — ol VvdZ; + | B(t)oy/1 —p* — Mo )V dZ;
e —1
= Wb ((B)60 — =)z,
v—1

+ (B(t)0y/1 — p? —

Nz
(B.12)
where we have used (B.8) to cancel the drift term and the fact that W ¢, =

M(ét)%lﬁ(t’ V).

gr

Then we find a second way to describe Wt*ét, based on the dynamic budget
constraint. Note that the budget constraint in our dual market reads as follows:

AWy = Wi (r + 07 (a) SeAy)dt + Wy 07 (a) $idZ, (B.13)
Hence we find the following alternative dynamics of Wt*ét:
AW} ¢y = Widdy + ¢ dWy + dW;, &)
— Wy di(—rdt — KdZ,) + Wy, ((r + 02 (a) SR, )dt + é:(a)’ztdzt)
— W} h:0; (a) 'S, At
= Wt*ét(é:(a)lzt - ]\;)dZt
(B.14)

By equating the volatility terms in (B.12)) and (B.14)) we find an equation
that describes the optimal investment strategy in the dual market:

[B(t)op = Stm B)oVT = p% = Shile| o = 6;(a) B — A, (B.15)

We therefore have the following system with two unknowns, éf’t(a) and 0~§7t(a):

- -1 ~ . vi(hgS; + dph,,
(BOp— T )7 = B, a) 7 85, ) VLSO
. -1 ~ vih,6y/1 —p?
(BO3L= 7 = it = O () R
t

(B.16)
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Proportional allocation of wealth

And thus we find the following optimal strategy in the dual market:

% (a> o ﬂ o (772 + at)p _Dx (a) hSSt
1,t - 1 — ) 2.t O
v owWI-p : B17)

- ~ N2 + ay Oy
— (B _ kT )
2,t<a> < (t) + ,}/5 /1 — p2> h/y

B.3 Numerical implementation investment
strategy
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Figure B.1: Comparison of the optimal strategy in the Heston model between different
values of v for the alternative parameters. We assume T = 40 with monthly time steps in
the simulations and Wy = 1. Other parameter values are given in

B.4 Welfare analysis

¥ 2 3 4 5 6 7 8 9 10
10.56 6.69 5.30 4.61 4.19 3.92 3.72 3.58 3.47
(019 (0.12)  (0.09) (0.07) (0.06) (0.05) (0.04) (0.04) (0.03)
10.55 6.69 5.30 4.60 4.19 3.92 3.72 3.58 3.47
(0.18)  (0.11)  (0.08) (0.06) (0.05) (0.04) (0.04) (0.03) (0.03)

806.31 134.31 53.46 30.33 20.62 15.58 12.59 10.65 9.31
(79.32)  (15.03) (5.48) (2.76) (1.67) (1.13) (0.82) (0.63)  (0.50)

800.22 130.05 51.08 28.85 19.60 14.83 12.01 10.18 8.92
(68.36)  (12.66)  (4.60) (2.32) (1.40) (0.95) (0.70)  (0.54)  (0.43)

CE Heston baseline (%)

CE myopic baseline (%)

CE Heston alternative (%)

CE myopic alternative (%)

Table B.1: Rounded certainty equivalents underlying the welfare losses presented in

The baseline parameters can be found in the alternative parameters in
Standard errors are reported in parentheses. The data is calculated over 10,000
simulations. We assume T = 40 with monthly time steps in the simulations and Wy = 1.
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True Measured v | 3 4 5 6 7 8 9 10
5 899 740 635 564 515 479 451 430
(0.08) (0.04) (0.03) (0.02) (0.02) (0.01) (0.01) (0.01)

\ 520 629 572 525 489 460 437 419
(0.32) (0.05)  (0.03) (0.02) (0.02) (0.01) (0.01) (0.01)

A 253 4.86 515 489 464 442 424 4.09
(0.29)  (0.20) (0.04)  (0.03) (0.02) (0.02) (0.01) (0.01)

146 350  4.42 453 439 424 410 3.98
g (0.18) (0.23) (0.13)  (0.03) (0.03) (0.02) (0.01) (0.01)
; 101 263 3.67 410 415 407 397 3.8
(0.11) (0.21) (0.17)  (0.10) (0.04)  (0.02) (0.02) (0.01)

; 0.77 210 3.09 3.64 386 380 384 3.77
(0.08) (0.17) (0.17) (0.13)  (0.08) (0.03)  (0.02) (0.02)

. 0.64 176 267 3.25 356 369 371 3.67
(0.06) (0.13) (0.16) (0.14) (0.10)  (0.06) (0.03)  (0.02)

. 0.55 153 236 293 328 347 356 357
(0.04) (0.11) (0.14) (0.14) (0.11) (0.08)  (0.05) (0.03)

0 049 137 213 2.68 3.05 327 339 345

0.03)  (0.09) (0.13) (0.13) (0.11) (0.09) (0.07)  (0.05)

Table B.2: Rounded certainty equivalents when an agent invests according to the measured
v, whereas the utility is evaluated on the basis of the true . The welfare losses in
can be calculated when combining this table with the certainty equivalents for the baseline
Heston strategy in The data is calculated over 10,000 simulations. We assume
T = 40 with monthly time steps in the simulations and W, = 1. Other parameter values

are given in
True Measured v [ 3 4 5 6 7 8 9 10
) ©447.29 20455 10934 67.39 46.15 3412 26.68 21.76
(14.21)  (3.49)  (1.28)  (0.61) (0.34) (0.21)  (0.15)  (0.11)
, 8155 10351 7103 50.05 37.11 28.88 23.38 19.56
(16.88) (5.39)  (1.92)  (0.82) (0.43) (0.25) (0.17) (0.12)
A 2452 52.02 B 4543  36.66 29.59 24.31 2043 17.54
(4.78)  (8.16) (276)  (1.32)  (0.67) (0.37) (0.23)  (0.15)
. 12.67  28.38  32.01 2699 2348 2036 1777 15.68
(2.19)  (4.56)  (4.05) (1.67)  (0.96) (0.56) (0.34)  (0.22)
; 838  19.05 2222 2202 1886 17.08 1543 13.98
(1.29)  (291)  (291)  (2.32) (1.12)  (0.73)  (0.47)  (0.31)
6.32 1441 17.06 17.25 16.56 1452 1347 1248
7 (0.87)  (2.03)  (217)  (1.88)  (1.49) N (0.82)  (0.58)  (0.40)
514 1173 13.99  14.30 13.91 13.29 11.89 11.20
8 (0.64)  (1.51)  (1.68)  (1.53)  (1.30)  (1.05) a (0.63)  (0.47)
. 439 1002 1201 1234 1210 1166 1116  10.15
(0.50)  (1.17)  (1.34)  (1.27)  (1.12) (0.95) (0.78) (0.50)
0 388 885 1063 1097 10.80 1047 1008 9.69
(0.40)  (0.94)  (1.10)  (L06)  (0.97) (0.84) (0.72)  (0.61)

Table B.3: Rounded certainty equivalents when an agent invests according to the measured
~, whereas the utility is evaluated on the basis of the true v. The welfare losses in
can be calculated when combining this table with the certainty equivalents for the baseline
Heston strategy in The data is calculated over 10,000 simulations. We assume
T = 40 with monthly time steps in the simulations and W = 1. Other parameter values

are given n
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Appendix C

CP2022

C.1 Financial market

We want to find the dynamics of S;. Note that X7 only presents the
dynamics of In Sy:

dln S, = [1 0]dX?

Vg O1x4

_ Ty + s 1
= [10] [ L] e - Sl O]D( Y e

/
g
h

on

P /)dt
) (C.1)
+ [1 0|25y + (X)) T)2dZ,

1
= (re +ns — 505(To + (X7 T)os)dl +o5'(To + (X)1T)zdZ,
An application of It6’s Lemma leads to the dynamics of S;:

Lo s
dSt = Stdln St -+ QStO'S (FO + (Xt )1F)O’Sdt (CQ)

= Sy(ry + ns)dt + Sios'(Ty + (X:)iT)2dZ,

Then we want to find the dynamics of II;. Note that X} only presents the
dynamics of InIl;:

dInTl, = [0 1]dX?

— [0 1) [l ] g - ;[o 1]D(

/

/
o
h

T3 )dt o)

4 O1x4
Oax1 Iy + 141

on
+ [0 1S5 (T + (X7)1T)2dZ,

1 1
= (T + e — 50{1(1“0 + (XP)1D)on)dt + on' (To + (X;)11)2dZ,
An application of [t6’s Lemma leads to the dynamics of II;:

1
dll, = ILdIn1I “ILoy (T X)) dt
¢ ¢ 1n t+2 o’ (Do + (X7)1D)on (C.4)

= I, (m; + 1 )dt + oot (To + (X7)iT)2dZ,
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We can use the dynamics of II; to define the real pricing kernel as ¢ff =
N1, whose dynamics are defined as follows:

dof _ ¢dlly | TLdgY  dg" ),
Of ON I, HN I, ON I,
dil,  dolN , 1
_ AL ;25 — on!(Ty + (X3).T) 3 At
—(re = m — 0+ o’ (Ao + A XP))dt — (A — on (o + (X7)iT)2)dZ,
— —tht —_— Aﬁ/dZt

(C.5)

Note that we have introduced the real instantaneous interest rate R; and the
real price of risk A% above.

Then we want to find the nominal bond price dynamics by deriving an

explicit expression of P_(t,X}) = EV”” ]-'t} Hence, we first need to find

an expression for ¢. By means of finding the dynamics of log ¢, integrating
these dynamics and taking the exponential we find the following:

t 1, t
8N = exp { /0 —(r5+2ASAS>ds— /0 As’dZs} (C.6)

”” looks as follows:

Consequently, note that

N t+7; 1, t+7;
Ot _ e { / —(rs + 2ASAS) as— [ As’dZs} (C.7)
t t

To show that PY (¢, X;) is the conditional expectation of an exponentially
affine function of the state variables X, we define the Radon-Nikodym deriva-
tive & = dPlft = exp {—% Jy NoAyds — [y A’SdZs}. With this Radon-Nikodym
derivative we can rewrite the conditional expectation of interest to an expec-
tation under the EMM described by &;:

¢t+7_z
(bt“rTz

o ft

_ @ {exp {— /t o rsds} ’Xf]

As r, = [0 1 0]X; we see that the conditional expectation in (C.8)) is an
exponentially affine function of X;. Since the state variables follow a mean-

P (t.X}) = X;

ft} -

(C.8)

reverting process we can apply the results of [Duffie and Kan (1996]). There-
fore we know that the bond prices are an exponentially affine function of X}
PN_(t,X}) =exp (AN(Ti) + BN(T,;)’Xf>. As a direct consequence we can ap-
ply the Feynman-Kac theorem to our expectation under Q in . This leads
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to the following PDE that describes nominal bond prices:
0= P, (6 X7) + Prr(t, Xp) K(EXS, — X;)
1 1 1
5t (ST (0o (XD P (57D + (X)) ) = ro P (1, X7)
= Py (1, 7Y (Do + (XP)aD)2 (T + (XP)iD)%) ™ (Ao + ArX7)
(C.9)
Note that we express the bond price as a function of the time to maturity ;.
Since the time to maturity 7; decreases as t increases, the time derivative of

PN (t, X}) takes a negative sign when expressed as a function of 7;. We thus
find the following derivatives:

P (4 X7) = P (6 X7) (=AY (1) = BN (r) X7)

Px;(t,X7) = Py (t, X7)B" (7;) (C.10)
Px;xs(t, X7) = PN (t, X}) BN (1) BN (1)

Before continuing note the following:
(= (T + <X:>1r>%>ngXf<z (Lo + (XD ) =
tr<PgT (t, X;)S™(Go +Z Gi)2 BN BN (37 (G +Z (X7)i )%)’> =
tr (Pt{L (1 X1 BY ()57 (Co + (X )zr’”BN(Tl)> _

PN (t, X})B (1)’ (G +Z XS G)Y™ BN (1)

(C.11)
where we have used that (I + (X:)iI)2 = (Go + ¥i(X$):G:)? and the fact
that P (t,X7)BN (1) Y™ (Go + X;(X;):G;)X™ BN (r;) € R. Now we can
plug the derivatives from in the PDE from . By separating the
terms dependent on X} from the terms not dependent on X; and dividing
by PN, (t,X}), we can find the ODE’s that describe AY(7;) and BY(7;). To
ensure clarity, we first give the ODE’s for each entry of BY(7;) separately. We
can do so by using the summation structure of the variance covariance matrix

in (C.11)) and the fact that 7, = [0 1 0].X;. This leads to the following ODE’s:

V() = BY(rY (KEXZ, = 57"Ao) + 5 BY (1) 7 Gos™ B (r)

BY(r) = 5BY (Y STGS™BY (m) — (BY () (K +27A): (c.19)
Bév(ﬂ') = —(BY (1) (K +X"A1))2 — 1

By (1) = —=(BY (1) (K + X" A1))3

The ODE’s in (C.12) clearly show the different structures for each entry of
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BN(1;). We can rewrite (C.12) in matrix notation:

A¥(r) = BY(rY (KEX3, — S77Ao) + 3 BY (r) S Gos ™ B (r)
C.13)

. 1o (

BY(r;) = 5 BYXTGRBY (r) — (K + AY)BY (1) — [0 10)

where we have defined the following matrices:

DN __ N/ ST rT N NI ~ Gl 05X5 05X5
B = [B (Tz) ngg], E = [E E E ], G = O5><5 2 05><5 (C14)

5x5 05><5 G3

As the system in involves a matrix Riccati equation, no closed form
solution exists. We thus have to resolve to numerical approximations for any
implementation. To finalize the introduction of the nominal bond, we want to
find its dynamics. An application of [t6’s Lemma gives us the following:

AR, (t,X;) _ dexp (AN(r) + BV (n)'X})
P (¢ X7) P (8 X7)
Pt + PdX; + §Pxexpd[X7, X7 + 5 Pdlt, 8], + Pxad[X, )
Pt X7)

— (=A%) = BY (' X; + BV () K(EXS, - X))

+ ;BN(Ti>/er<GO 4 Z(th)iGi)Zm/BN<Ti)>dt
+ BN (5)S™(Ty + (XP)T)2dZ,
_ (rt + BN (1) (Ao + Alxts))dt
+ BN(7,)'’S" (T + (X}):T)2dZ,
(C.15)

Then we would like to find the dynamics of an inflation-indexed bond. We
know that the price of an inflation-indexed bond can be expressed via the real

R
pricing kernel as follows: P/ (¢, X;) = IEF;F ]-“t} First of all, we know that

s Jooks as follows:

¢ﬁ OO0OKS as IOILIOWS:
R t4r 1 t47
b _ exp { / —(Rs + 2A§’A§)ds - Af’dZS} (C.16)
t t t

To utilize the results by |Duffie and Kan (1996), we define the Radon-Nikodym
derivative & = Z%\ft = exp {—% Jy ARPARds — [2 Af’dZs}. With this Radon-
Nikodym derivative we can rewrite the conditional expectation which describes
the inflation-linked bond price to an expectation under the EMM described by
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SE

] - -
Since the instantaneous real interest rate R; is an affine function of X;, we can
apply the results by [Duffie and Kan (1996) on affine yield models similarly to
how we did for the nominal bonds. Accordingly, we know that the price of the
inflation linked bond is an exponentially affine function of X;: PE (¢, X;) =

PE(tX) = B

des} ‘Xt] (C.17)

t

exp <AR(7') + BE(r) Xt). An application of the Feynamn-Kac theorem to the

expectation under Q in ((C.17)) leads to the following PDE which describes the
price of an inflation-linked bond maturing at time 7:

0= PR (t,X;) + Px,(t, X;) (M + LX)
1 1 1
+ 2tr(2(ro + (Xe)11)2 Py, x, (3(To + (Xt)1F>2)I) — R.P (1, X,)

P (t, XS (To + (X i)} (((ro + (X)) (Mg + A Xy)

/ 0n>
(C.18)
The goal is then to separate the terms multiplied with X; from the terms not
multiplied with X; and to divide by PZ_(¢,X;). We can rewrite the term
involving the trace in (C.18) similarly to how we have rewritten (C.11]). This

D=

— (To 4+ (X))

enables us to use the structure in which the stochastic volatility matrix is
presented as a summation of the variables in X;. Therefore, the only term in
that remains to be specified as function of X; is the instantaneous real
interest rate R;. With this in mind, note that Ry = r,—m—n.+on’(Ao+A1 X7).
Hence, we use the following to rewrite R;:

Tt:[()lOOO]Xt
AMXF=MX,

By using (C.19)) all elements of the PDE in ((C.18|) are expressed in terms of
X;. To ease the interpretation of the ODE’s that follow from ((C.18]), we first
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present them for each entry of Bf(7) separately:

AR(r) = By (M = S(h — Goon) ) + 5 BR () SGoX! B (1) + 1,
- O'{—[AO

BR(r) = ;BR(T)/EGlleR(T) + (BR(1)' L), — (of;A1),

(
BE(r) = (BR(7)'L)s — (0A1)2 — (BE(7)SAy)s — 1
BY(r) = (BR(1)L)3 — (ofA1)s — (BR(1)'SA1)3 + 1
Bf(r) = (B®(1)L)s — (o};A1)s — (BR(7)'SA1 )4
BE(r) = (BR(r)'L)s — (of;A1)5 — (BR(7)SA1)s

(C.20)
Note that the last two columns of L and A; are zero. Consequently we see from
(C.20) that BE(t) = BE(1) = 0. Combining this with the boundary condition
B%(0) = 054, leads to the conclusion that Bf(r) = Bi(r) = 0. Hence,
we know that we can remove the dependency on X/ from the bond prices.
Therefore, we rewrite the bond prices as follows: PF (¢, X;) = PR (¢, X]) =

exp <AR<T) - BR(T)’X,?), with A®(7) € R and Bf(7) € R3*!. Consequently,
we rewrite the ODE’s in (C.20)) in matrix notation:

. 1
Af(r) = BR(r) (KEXS, = $77(ho = Goom) ) + 5 BR (Y57 Gox™ BY(r)
+ Nre — U{IAO
. 1 ~, ~ ~~ o~ -~ ~
BR(T) — §BR/ZT71'G2r7rET’7r/BR o (K/ + Allzmr/ . &hG/EMH)BR(T)

—ANog—[01 —1]

(C.21)
where we have used the definitions of £ and G from (C.14) and we have
defined the following matrices:

on Osxo
(C.22)

B = [BR(T) 0O3xs], om= [ on Osxo
on Osx2

Similar as for the nominal bond prices the system in (C.21)) involves a ma-
trix Riccati equation and thus no closed form solution exists. Finally, we are
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interested in the dynamics of PE (¢, X}) = exp <AR<T) + BR(T)’Xf>:
dPE (t,X3)  dexp (AR(r) + BR(7)'X;)
P (t, X?) Pt X?)
Pdt + P dX; + § Pxex;d[ X7, X{] + § Pd[t, 8], + Pxid[ X, ),
N P (t X¢)

- ( — Af(r) = BR(r) X} + BR(r) K(EX3, — X})

+ S BAEYSI (Go+ TG B )
+ BR(rYS™(To + (XP)1)2dZ,
_ <Rt + BR(rYS (Ao + A XP — (Ty + (X;)lr)an)>dt

+ BR(7)'S (Lo 4 (X}):T)2dZ,

(C.23)
where we have used in combination with the fact that B(r) = BE(7) =
0. Lastly, we would like to find the price dynamics of the real bond expressed
in nominal terms: P2 _(t, X7) = PE_(t, X{)II,. An application of Itd’s Lemma
yields:

dPfL,(t,X7) _ PR.(6,XP)dL, | TLAPR (6, X7)  d[PE, (1, X7), 11
Ptli-,-@,Xf) Pt}j-T(this>Ht Pt]?FT(t7XiS>Ht Pt}j-7'<t7 Xis)Ht
_ dIt, dPt]—%i--r (tv th)

B Ht Ptli‘r(tv Xf)
_ (Rt 4 BRYS (Ao + A XE — (To + (XP)T)ow) +

+ BR(r)S™(Ty + (X)) opdt

+ BR(r)S(Ty + (Xf)lf)an) dt
+ (BR(7)5™ (Do + (X;)iD)2 + oy (Do + (X;)iD)? ) dZ,
= (e (BRGYS™ + o) (ho + MiX7) )t

+ ((BR@)S™ + o) (Do + (XPhT)?) dZ,
(C.24)
The asset mix is concluded with an asset that trades the stochastic volatility
risk. We define the price of this asset as O; = h(t, S, ;). Before applying 1t6’s
Lemma to Oy, we first present the dynamics of v;:
dv, = [100]dX;

=[100|K(EXZ — X;)dt +[100]X" (T + (th)lf)%dZt (C.25)

= Ky (Bvp — 1)dt + 0, (To + (X )1T)2dZ,

where we thus have that o, = [w 0 0 0 0]'. Then we can apply 1t6’s Lemma to
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h(t, Si, v):

: 1 1
dO; = hdt + hsdS; + h,dv, + 5hssd[S, Sl + 5hwd[y, vy + hs,d[S, V]

= hdt + hs(Sy(ry +ng)dt + Sy0%(To + (X$)1T)7)
+ hy (K (Bvse — 14)dt + o' (To + (X)1T)2dZ,)

1 1

—|— §hSSO{S’(FO + (Xf)lf)asdt + 5

+ hSVStO—:S'(PO + (Xf)lf)aydt

hw,O'lI,(FO + (Xf)lF)U,,dt

. 1
_ (h + hsSy(r+ 1) + hu Ko (B — 1) + 5hssos(To + (X T)ors
1
+ §hyVO'l/,(F0 —|— (Xf)lf)a,, + hSVStO"/g(FO + (Xf)lF)ay> dt
+ (hgS0% + hyo')(To + (X)) 2dZ,
(C.26)

We can simplify (C.26]) by using the martingale property of ¢¥O;. Therefore,
we first find the dynamics of ¢ O;:

g} Oy = ¢ dO; + O,dey + d[¢y", O]
= ¢} ((h + hsSi(re +ns) + h Ky (Evee — vt) + ;hssa's(ro + (X))o
n ;hwag(ro + (X1 + hwSios(Ty + (Xf)ll“)ay) dt
+ (hsSios + h,o),) (Do + (X;)lr)édzt> + Ot( — ¢Nrdt — oY AQdZt>
— N (hgSio' 4 hyol ) (Ao + AL XF)dt
= 61 (I + hsSu(ry 1) + Ko (Bre = 1) + Shssos(To + (X)T)os
+ 5l (o + (XIND)a, + s Si05(To + (X))o, — Our

— (hsSu0ls + hyo')) (Ao + Ale)>dt

N |=

+ o <(h58tog + o) (To + (XP)T)E — OtA;) iz,
(C.27)
By FTAP we know that ¢¥ O; is a martingale. Therefore its drift term should

equate to zero. Hence, we can simplify (C.26) to the following:

40, — (rtOt + (hsSios + hyol) (Ao + AL X ))dt (C.28)

+ (hgSio' + hyo')(To + (XP)1T)2dZ,
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C.2 Portfolio optimization problem

~ TR —1
We are interested in finding an expression for P(t, X;) = E [(Zg)”vu}}
t
This expectation is similar to the conditional expectation we have solved m

Appendix A.2|for the KNW model. Hence, we know that we can write (zT)

as follows:

HR T —1- 1
(P15 —exp {/ IR Ay VI VY / 1= 1 jmag,
on t Y 2 v
(C.29)
Hence, if we define the EMM Q described by the Radon-Nikodym derivative
& = %IE = exp {—% Iy Nhgds — [o )\’SdZS} where \;, = WT_lAf, we can rewrite
our conditional expectation of interest to an expectation under the EMM de-

scribed by &;:
PR =1
~—R) 5

t

T [my—1 . 1.
— E9 [exp {—/ (7 > R, + 2 72 ! s) ds} |Xt]
t

C.3 Possible alternative investment strategies

Pt,X,)=FE [( X,

Ft] — E°

t

(C.30)

We are interested in finding the function that solves the modified PDE
given below:

13 - 1 ~ 1~ ~ 1
0= P+ P (M+LX,)+—tr (Z(GOO)QPXtXt(z(Goo)z),>
2 (C.31)

v 1 ly—14 > =15 R
— (L—R,+ = P—~1 —P.%(T 2 \!
(Bt 5 APA P+ (XD EA,

We have assumed the form P(t, X,) = exp (fl(t) + B(t)'X, + Xt’é'(t)Xt). If
we plug the corresponding derivatives in the PDE from (C.31)), we find the
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following:

A( t) + ( )X+ X C( )X, + (B(t) +2C (1) X,)' (M + LX)
+ —B(t)'SG®Y'B(t) + 2B(t)SG®Y' C (1) X, + 2X,C(t)SG®Y'C(t) X,

l\D\H

+ tr (z(é%)%é(t)(Z(GOO)%)') (7 ; ! ([0 1000]X, —[00100)X; —n,

(A(G™) " Ag + 205(G™) ' AL X,

+ofio + ofph) + 5
+ X/./_\/ (éoo)_l/_\lXt — 20’1—[(/\0 + /_\1Xt) + U{—IGOOO'H)>

- L(B(t) + 20(0) XA + KXo — (Go+ Ci Xr)om)
(C.32)

We can separate the PDE above in three parts: a term independent of X;, a
term affine in X; and a term that is affine quadratic in X;. Since all three
parts should equate to zero, we can simplify the PDE above to a system of
ODE’s describing A(t), B(t) and C(t):

Al) = —B)M — SBUYSCSB(r) - tr (S(G*)HC0)(E(E) )
- 77_1<777r oo — B(t)'SA — B(t )2G00n>

+ ;77 ! (A’ G2 A — 207 A + ol G an)

B(t) = — (L' + 20 () SGeY — 7;]\;2' 4 7;&Hé'i')f}(w

+ 7;1 ([0 1000) —[00100/Ajon +2C(t)SAg — QC’(t)’ZGoaH>
+ I (B6)a )
oG
> YT 7% Nt S Ve Sl SURP RS
C(t) = —20(LYSCoSC(t) — 2<L R PR EAh )C(t)

1
+ 77 NG 1A,

2
(C.33)
where we have defined the following matrices:
on 85><4
o YUsx4 A A
bu=|on O |, S=[ESTEE)], G=| b1 Jo (C.34)
o Onxa 20x5  U20x20
o Osxa

We know that E {( )L |.7-'t] = 1 and thus we assume the terminal conditions
to be A(T) = 0, B(T) = 0541 and C(T) = 05,5. Note that no closed form
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solution is available for the system since it involves a matrix Riccati equation.
Furthermore we state that the last two rows of B(t) and the last two rows
and columns of C'(t) will be zero by the construction of the system in .
Hence, the conditional expectation will in practice only depend on X;.

Then we are interest in finding the dynamics of our estimated optimal
wealth Wyl = %(gbf)lfip(t,)(t). To find these dynamics we first derive

the dynamics of P(t, X;) = exp (A(t) + B(t)'X; + Xt/C'(t)Xt):

dP(t, X,) = Pdt + PydX, + ;PXXd[X, X1,
(t, X){A(t) + B(t)X, + X|CX, + (B(t) + 2C(£)X,) (M + LX)
tr ({0 + (XD)F Py, (S(To + (XND)) ) bt

=P
+
+ P(t, X0) (B(t) +2C(0)X,)'S(Go + 3 X!G,)2dZ,

'“Uzl\DM—‘

(C.35)
If we would have the true representation of P(t, X;) we know that W;¢Y is be
a martingale. Since we use an estimation for P(t, X;) we assume that W;¢N
is approximately a martingale. In other words, we take the modifications we
have done to the PDE into account when determining the dynamics of Wt*gbiv .
Hence, we modify the dynamics of Wt*gzﬁiv similarly to how we modified the
PDE in . Therefore we find the following dynamics of W; @Y, with
slight abuse of its martingale property:

Ao = a2 2ol T P X)

iy (685 aP (e, X0 + P X)) +d[ (685 P X))

=0l Pre, X0 (Ale) + B+ XiGo)x
+ (B(t) +20(1) Xe) (M + LX)

+ ;tr (E(FO + (X)) Py, x, (S(To + (th)lr)%)/) = (

1v— y—1, - L
2 2 )—T<B()+QC() t) (F0+(X)F)2At>dt

+(<~<> 2C(t)X)'S(Ty + (XP1T)

= W23 ((B0) + 200X BT+ (XD = T2 )az,

v—1

Ry

VI

—1
Sl
v

(C.36)

We thus assume a modification of the trace operator and the inner product of

the price of risk in the drift term in . Consequently, we can cancel the
drift term so that we find a martingale.

Then we find a second way to describe Wt* #Y, based on the dynamic budget
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constraint. Note that the budget constraint reads as follows:
AWy = Wi (re +0;'S (Ao + My XP))dt + Wi0;'Sy(Do + (X)iD)2dZ,  (C.37)
Hence, we find the following alternative dynamics of W;¢N:
AWy ¢y = Widey + o) dWy + dWy, ¢;]
— W7o (=t = NdZ0) + Wiol (e + 07 Su(ho -+ ALX) e
05T + (XND)RAZ,) = W7 0N Sulho + A X )t

= W6 (6;"Su(To + (XPT)? — AdZ,
(C.38)
By equating the volatility terms in and (B.14) we arrive at the
following equation that defines the estimated strategy in the complete market:

o

_ _ 1 ~
(B(t) + 2C(1) X,)S(Ty + (X7)iT)? — TAff’ = 67'%,(To + (XP)D)z — A
(C.39)
We therefore find the following estimated strategy:
~ 1 T _ -1/, T
0=~ (=) o+ (X)) ™ (Mo + M X)) + L= (571) om
v R (C.40)

+ (E;l)T ST(B(t) +2C()X,)
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